
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=unse20

Nuclear Science and Engineering

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/unse20

Demonstrating Computational Equivalence
Between Continuous and Discrete Adjoint
Methods by Calculating Time-Dependent Adjoint
Solutions with Neutron Diffusion Models

Zeyun Wu, Cihang Lu & Tao Liu

To cite this article: Zeyun Wu, Cihang Lu & Tao Liu (2023) Demonstrating Computational
Equivalence Between Continuous and Discrete Adjoint Methods by Calculating Time-
Dependent Adjoint Solutions with Neutron Diffusion Models, Nuclear Science and Engineering,
197:6, 1213-1238, DOI: 10.1080/00295639.2022.2143207

To link to this article:  https://doi.org/10.1080/00295639.2022.2143207

Published online: 01 Feb 2023.

Submit your article to this journal 

Article views: 111

View related articles 

View Crossmark data

https://www.tandfonline.com/action/journalInformation?journalCode=unse20
https://www.tandfonline.com/loi/unse20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/00295639.2022.2143207
https://doi.org/10.1080/00295639.2022.2143207
https://www.tandfonline.com/action/authorSubmission?journalCode=unse20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=unse20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/00295639.2022.2143207
https://www.tandfonline.com/doi/mlt/10.1080/00295639.2022.2143207
http://crossmark.crossref.org/dialog/?doi=10.1080/00295639.2022.2143207&domain=pdf&date_stamp=2023-02-01
http://crossmark.crossref.org/dialog/?doi=10.1080/00295639.2022.2143207&domain=pdf&date_stamp=2023-02-01


Demonstrating Computational Equivalence Between Continuous 
and Discrete Adjoint Methods by Calculating Time-Dependent 
Adjoint Solutions with Neutron Diffusion Models
Zeyun Wu, * Cihang Lu, † and Tao Liu
Virginia Commonwealth University, Department of Mechanical and Nuclear Engineering, 401 West Main Street, 
Richmond, Virginia 23284-3015 

Received April 17, 2022  
Accepted for Publication October 31, 2022 

Abstract — The continuous adjoint method and the discrete adjoint method are two alternative approaches 
used to calculate adjoint solutions for adjoint systems. The continuous adjoint method derives adjoint equations 
analytically from continuous forward equations and then solves the adjoint equations either analytically or 
numerically in a discretized form whereas the discrete adjoint method calculates the adjoint solutions directly 
from the discretized forward equations. With regard to the methodology development and calculation proce
dure, distinct differences are well recognized between the two methods. For certain reasons, both methods are 
exclusively preferred and commonly used by different computational communities, but limited studies clarify 
the connections between the two adjoint methods from either of the communities.

This paper demonstrates the computational equivalence between the continuous and discrete adjoint 
methods by investigating time-dependent adjoint solutions to the two-group neutron diffusion model in 
nuclear reactor analysis problems using both methods. Adjoint solutions can be used to estimate system 
parameters for reactor safety analysis. Appropriate final state conditions for the adjoint systems are 
specified in both of the methods, and the conditions are clarified with proper physical explanations. With 
the help of an event-based case study on neutron diffusion models, the accuracy of the time-dependent 
adjoint fluxes obtained from both methods is verified, and the pros and cons of both adjoint methods are 
examined. More importantly, the computational equivalence of both methods is demonstrated when they are 
applied to multigroup neutron diffusion systems. The advantage of calculating time-dependent adjoint fluxes 
by directly solving time-dependent adjoint systems rather than taking steady-state approximations as in 
common practice is also demonstrated.

Keywords — Time-dependent adjoint flux, two-group diffusion model, continuous adjoint method, discrete 
adjoint method.  

Note — Some figures may be in color only in the electronic version.

I. INTRODUCTION

The adjoint flux, which can be understood as the 
importance of particles, is the adjoint solution to the 
neutron transport/diffusion equations. The adjoint flux 

can be employed in nuclear engineering for reactor 
design optimization. More importantly, the adjoint flux 
is indispensable for adjoint sensitivity analysis of some 
system parameters that are crucial for reactor safety. The 
adjoint flux can be used to estimate both perturbations in 
reactivity, via the Rayleigh quotient (derived from the 
perturbation theory),1 and kinetics parameters by utilizing 
the point-reactor kinetics theory.2 Compared to the for
ward sensitivity method, the adjoint sensitivity method is 
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more cost-effective in cases where there are a large num
ber of sensitivity parameters and relatively fewer objec
tive functions.3,4 The latter case is encountered more 
often in nuclear engineering as most reactor analysis 
problems have very few objective functions. For exam
ple, in a criticality problem, the sensitivity parameters 
under investigation include core geometries, material 
properties, temperatures of various components of the 
core, etc., while the only objective function of interest 
is reactivity.5,6

The adjoint method for sensitivity analysis was first 
employed in the nuclear industry in the 1940s to estimate 
the eigenvalues of transport equations.7 The physical 
basis of using adjoint solutions in transport and diffusion 
problems is provided in Ref. 8. The adjoint method was 
later widely used in different research fields, including 
meteorology,9,10 electricity generation,11 and 
aerodynamics.12,13 In nuclear engineering, since the 
early 1980s, Cacuci et al.14 and Cacuci15,16 performed 
extensive studies using the adjoint sensitivity method. 
The applications included steady-state reactor analysis 
problems,17 steady-state and transient single-fluid-flow 
problems18 and two-fluid-flow problems,19–21 etc. The 
adjoint sensitivity can be investigated with two distinct 
methods, namely, the continuous adjoint method17 and 
the discrete adjoint method.22,23 When the continuous 
method is used, the adjoint equations are derived analy
tically from the forward equations and then solved either 
analytically or numerically in a discretized form. When 
the discrete method is employed, the adjoint equations are 
calculated directly from the discretized forward equa
tions. In both methods, the adjoint solutions are indis
pensable and need to be calculated to form the sensitivity 
information.

Because of differences that exist in the discrete and 
continuous forms of adjoint systems, the approaches 
employed to calculate adjoint solutions bear some appar
ent differences. For certain historical reasons, it is inter
esting to notice that both of these methods are exclusively 
preferred and commonly used by different computational 
communities. For example, the continuous adjoint 
method is well recognized and widely used in the nuclear 
engineering community for perturbation and general per
turbation applications1,5,24 while the discrete adjoint 
method is commonly adopted in the aerospace engineer
ing community for sensitivity analysis.25,26 However, 
limited studies investigate the connections between the 
two methods. This also indicates limited conversations 
between different scientific communities with regard to 
similar applications. Moreover, multigroup neutron diffu
sion systems differ from other systems in that numerous 

variables, including the neutron flux in different energy 
groups and the delayed neutron precursor (DNP) concen
trations of different families, of reactor analysis problems 
are tightly coupled. Although continuous and discrete 
adjoint methods recently have been compared in some 
applications such as thermal-hydraulic problems,7,27 very 
few discussions comparing both methods as they apply to 
nuclear reactor analysis using multigroup diffusion mod
els exist in the literature.

Partly because of excessive computational cost, 
adjoint fluxes are calculated usually only at steady states 
in reactor calculations, and further, these adjoint fluxes 
are used to estimate parameters at time-dependent 
conditions.2,28,29 Although many of the results from 
steady-state systems can be readily extended to time- 
dependent systems,4 several unique features can be 
obtained only from the time-dependent system. An exam
ple is the importance of particles at a certain moment in 
time to a specific response at another moment. In addition 
to boundary conditions, initial conditions are needed for 
computation of the time-dependent forward system. On 
the contrary, final conditions are needed for computation 
of time-dependent adjoint systems that are solved back
ward in time.22,27,30 Discussions on time-dependent 
adjoint fluxes and final condition specifications are also 
very limited in the literature.

Motivated by these observations, we carried out the 
study in this paper aiming at two major objectives. The 
first objective is to provide insights into time-dependent 
adjoint fluxes and to discuss appropriate final conditions 
for time-dependent adjoint systems. The second objective 
is to investigate and understand the differences that exist 
in the methodologies and implementation procedures 
between the continuous and the discrete adjoint methods 
in search of time-dependent adjoint fluxes for reactor 
analysis problems. Computational equivalence in the cal
culations of both methods is sought through comparative 
study. This study employs an event-based case modeled 
by two-group neutron diffusion models to demonstrate 
the application of both adjoint calculation methods for 
time-dependent reactor analysis problems.

The rest of the paper is organized as follows. Section II 
introduces the event used as the case study in this work, 
followed by the steady-state and forward transient calcula
tions of the case study. These calculations are performed 
and verified by existing references. Section III presents the 
continuous adjoint method and the calculation of the time- 
dependent adjoint solutions for the case study by using the 
continuous adjoint method. The advantages of calculating 
the time-dependent adjoint fluxes by solving time- 
dependent adjoint systems are also discussed in this 
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section. Section IV presents the discrete adjoint method and 
the calculation of the time-dependent adjoint solutions by 
using the discrete adjoint method, which further verifies the 
continuous adjoint fluxes. The pros and cons of the discrete 
adjoint method are briefly discussed. The computational 
equivalence of both methods is also demonstrated and 
discussed in this section. Section V summarizes the work 
and offers some conclusions about the two adjoint methods 
based on the study’s findings.

II. CASE STUDY

A rod ejection accident (REA) is one of the reactivity 
initiated accidents (RIA) in which a large amount of reac
tivity is inserted into the reactor core during a short period. 
REA is an ideal transient to be studied for time-dependent 
adjoint solutions because of the rapid and intense changes 
in both neutron fluxes and DNP concentrations. We 
selected the postulated REA investigated by Vidal- 
Ferràndiz et al.31 as the case study in this work such that 
our steady-state solutions and forward transient solutions 
were verified to demonstrate the correctness of our forward 
system. This also provided a solid base for the adjoint 
transient calculations performed in the sections thereafter.

II.A. Problem Description

A detailed description of the postulated REA can be 
found in Ref. 31 but is briefly summarized in this section 
such that readers can understand the case study without 
referring to external references. The simplified one- 
dimensional (1-D) reactor, in which the postulated REA 
took place, consisted of 12 cells of 25 cm each. This 

indicates that the total height of the reactor was 300 cm. 
The cells in the reactor were formed by different materi
als and were categorized into “Reflector,” “Unrodded 
fuel,” and “Rodded fuel,” accordingly. The control rod 
was inserted to 125 cm from the bottom of the reactor 
before initiation of the transient. During the 10-s transi
ent, the control rod was ejected from the top of the 
reactor with a constant velocity of 25 cm/s from 0 to 4s 
and inserted back into the reactor from 4 to 10s with 
a constant velocity of 25 cm/s. The geometry of the 
simplified 1-D reactor during the transient is shown in 
Fig. 1. Both the steady-state and the transient calculations 
were conducted by solving the two-group diffusion equa
tions established for the problem. The velocity of the fast 
group (group 1) neutrons was assumed to be v1 ¼ 1:27�
107 cm=s while that of the thermal group (group 2) neu
trons was assumed to be v2 ¼ 2:50� 105cm=s. The two- 
group cross sections of cells of different categories are 
summarized in Table I. Six families of DNPs were con
sidered in this study, and their parameters are summarized 
in Table II.

II.B. Steady-State Calculations

We first solved the following steady-state two-group 
diffusion equations to calculate the dominant eigenvalue 
keff of the simplified 1-D reactor before initiation of the 
transient calculations:

� d
dx D1

dϕ1
dx

� �
þ Σr;1ϕ1 ¼

1
keff

νΣf ;1ϕ1 þ νΣf ;2ϕ2
� �

� d
dx D2

dϕ2
dx

� �
þ Σa;2ϕ2 ¼ Σs;1!2ϕ1

8
<

:
;

ð1Þ

Fig. 1. Geometry of the 1-D reactor during the postulated REA (Ref. 31). 
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where 

g = 1, 2

ϕg = flux

Dg = diffusion coefficient

Σa;g = macroscopic absorption cross section

Σf ;g = macroscopic fission cross section of the 
group g neutrons

Σs;1!2 = macroscopic downscattering cross section 
of the fast group neutrons

Σr;1 = Σa;1 þ Σs;1!2:

Similar to those employed in Ref. 31, the zero- 
current boundary conditions (i.e., reflective conditions) 
were imposed at the boundaries of the system.

By noting ϕ ¼ ϕ1 ϕ2ð Þ
T , Eq. (1) can also be 

expressed in matrix form as

Lϕ ¼ 0 ; ð2Þ

where L is the two-group diffusion operator of the sim
plified 1-D reactor with the expression of

L ¼
� d

dx D1
d
dx

� �
þ Σr;1 �

1
keff

νΣf ;1 � 1
keff

νΣf ;2

� Σs;1!2 � d
dx D2

d
dx

� �
þ Σa;2

 !

:

ð3Þ

For the numerical implementation, a uniform-mesh-size 
spatial discretization of Eq. (2) was adopted to calculate 
keff . Macroscopic cross sections Σ and diffusion coeffi
cients D were defined at the mesh centers, as depicted in 
Fig. 2. The second-order spatial derivative q

qx D q
qx

� �

TABLE I 

Cross Sections of Cells of Different Categories in the 1-D Reactor* 

Group 1 Group 2

D1 cmð Þ Σa;1 cm� 1� �
νΣf ;1 cm� 1� �

Σs;1!2 cm� 1� �
D2 cmð Þ Σa;2 cm� 1� �

νΣf ;2 cm� 1� �

Unrodded fuel 1.40343 1.17659e-2 5.62285e-3 1.60795e-2 0.32886 1.07186e-1 1.45865e-1
Rodded fuel 1.40343 1.17659e-2 5.60285e-3 1.60795e-2 0.32886 1.07186e-1 1.45403e-1
Reflector 0.93344 2.81676e-3 0 1.08805e-2 0.95793 8.87200e-2 0

*Reference 31. 

TABLE II 

DNP Parameters in the 1-D Reactor* 

Family 1 Family 2 Family 3 Family 4 Family 5 Family 6

βi 0.000247 0.0013845 0.001222 0.026455 0.000832 0.000169
λi s� 1� �

0.0127 0.0317 0.115 0.311 1.4 3.87

*Reference 31. 

Fig. 2. Uniform-mesh-size spatial discretization scheme 
employed for the solution of two-group diffusion 
equations. 
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terms were approximated by the center-difference 
scheme.

We are interested in the steady-state solutions as 
these solutions would provide a reasonable initial con
dition for the transients, but we omitted the detailed 
calculation procedure for the steady-state case here as 
it was regarded as fairly common practice and has 
already been widely discussed.31,32 However, it is 
worthy of pointing out that the correctly calculated 
keff makes the operator L noninvertible because Lϕ ¼
0 has nontrivial solutions for ϕ, which means 
det Lð Þ ¼ 0. Also, when the keff is correctly calculated, 
ϕ will have infinitely many solutions as long as they 
stay in the null space of L. The corresponding physical 
explanation to this phenomenon is that the reactor can 
remain self-sustainingly critical at any power level. By 
employing a uniform mesh size Δx of 5 cm, we found 
that keff ¼ 0:97890 for the case problem whereas the 
reference keff provided in Ref. 31 was 0.97881. The 
difference between the keff obtained in both works was 
only 9 per cent mille (pcm), which indicates the 

steady-state two-group diffusion equations were cor
rectly solved.

Last, before moving to the transient calculations, 
we adjusted the fission macroscopic cross sections 
(Σf ;1 and Σf ;2) by the factor of 1=keff in all the follow
ing transient calculations to make sure that the postu
lated REA was initiated from a steady state. The 
spatial discretization scheme employed in the steady- 
state calculations was also employed in all the follow
ing transient calculations.

II.C. Forward Transient Calculations

We modified Eq. (1) by adding time-dependent and 
DNP-related terms to calculate the time-dependent flux 
distributions. One equation for each of the six groups of 
DNPs was also added to the system to track the changes 

in DNP concentrations. By noting βtot ¼
P6

i¼1
βi, the for

ward transient equations were developed as

1
v1

ϕ1
qt
�

q

qx
D1

qϕ1
qx

� �

þΣr;1ϕ1¼ 1 � βtotð Þ νΣf ;1ϕ1þνΣf ;2ϕ2
� �

þ
X6

k¼1
λiCi

1
v2

qϕ2
qt
�

q

qx
D2

qϕ2
qx

� �

þ Σa;2ϕ2 ¼ Σs;1!2ϕ1

qCi

qt
¼ βi νΣf ;1ϕ1 þ νΣf ;2ϕ2

� �
� λiCi i ¼ 1 to 6ð Þ

8
>>>>>>><

>>>>>>>:

; ð4Þ

where Ci and λi stand for the concentration and the decay constant of the family-i DNP and βi stands for the fractional 
yield of delayed neutrons from the family-i DNP. For neutron equations, the zero-current boundary conditions were 
imposed at the boundaries of the system during the entire transient, and the initial conditions were prescribed as the 
steady-state flux calculated in Sec. II.B. For DNP concentration equations, the initial conditions were calculated 
accordingly from the steady-state flux solutions:

Ci ¼
βi
λi

νΣf ;1ϕ1 þ νΣf ;2ϕ2
� �

i ¼ 1 to 6ð Þ: ð5Þ

By using an implicit time discretization scheme for the time variable and standard difference form–based discretization 
scheme for the spatial variable, with the boundary and initial conditions described above, the discretized forms of 
Eq. (4) can be expressed by Eqs. (6) through (13) as follows, considering two energy groups of neutron flux and six 
families of DNP concentrations:

N m
1;n :¼ Am

1;n;n� 1ϕm
1;n� 1 þ Am

1;n;nϕm
1;n þ Am

1;n;nþ1ϕm
1;nþ1 þ Bm

1;n;nϕm
2;n þ Dm

1;n;nCm
1;n

þ Em
1;n;nCm

2;n þ Fm
1;n;nCm

3;n þ Gm
1;n;nCm

4;n þ Hm
1;n;nCm

5;n þ Lm
1;n;nCm

6;n

þ Km
1;n;nϕm� 1

1;n ¼ 0 ; ð6Þ

N m
2;n :¼ Am

2;n;nϕm
1;n þ Bm

2;n;n� 1ϕm
2;n� 1 þ Bm

2;n;nϕm
2;n þ Bm

2;n;nþ1ϕm
2;nþ1 þ Km

2;n;nϕm� 1
2;n ¼ 0 ; ð7Þ
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N
m
3;n :¼ Am

3;n;nϕm
1;n þ Bm

3;n;nϕm
2;n þ Dm

3;n;nCm
1;n þ Km

3;n;nCm� 1
1;n ¼ 0 ; ð8Þ

N
m
4;n :¼ Am

4;n;nϕm
1;n þ Bm

4;n;nϕm
2;n þ Em

4;n;nCm
2;n þ Km

4;n;nCm� 1
2;n ¼ 0 ; ð9Þ

N m
5;n :¼ Am

5;n;nϕm
1;n þ Bm

5;n;nϕm
2;n þ Fm

5;n;nCm
3;n þ Km

5;n;nCm� 1
3;n ¼ 0 ; ð10Þ

N m
6;n :¼ Am

6;n;nϕm
1;n þ Bm

6;n;nϕm
2;n þ Gm

6;n;nCm
4;n þ Km

6;n;nCm� 1
4;n ¼ 0 ; ð11Þ

N m
7;n :¼ Am

7;n;nϕm
1;n þ Bm

7;n;nϕm
2;n þ Hm

7;n;nCm
5;n þ Km

7;n;nCm� 1
5;n ¼ 0 ; ð12Þ

and

N m
8;n :¼ Am

8;n;nϕm
1;n þ Bm

8;n;nϕm
2;n þ Lm

8;n;nCm
6;n þ Km

8;n;nCm� 1
6;n ¼ 0 : ð13Þ

In Eqs. (6) through (13), the subscript n 2 1;N½ � represents the mesh of interest, where we set N ¼ 60 as we 
employed a uniform mesh size Δx of 5 cm while the simplified 1-D reactor had a total height of 300 cm. The 
superscript m 2 1;M½ � represents the time step of interest, where we set M ¼ 20 as we employed a uniform time 
step Δt ¼ 0:5s while the entire transient of interest lasted for 10s. The coefficients 
(A;B;D;E;F;G;H ;K; L; and K) occurring in Eqs. (6) through (13) may vary with different numerical discretiza
tion methods. The coefficients used in this study are detailed in Eqs. (A.1) through (A.40) in the Appendix. It 
is also to be noted that Eqs. (6) through (13) are all written with a leading term N :¼ , which basically defines 
the equations. Here, N can be considered as a residual form of each equation. We purposely write the discrete 
equation into such a form as it will greatly facilitate the introduction of the discrete adjoint method described in 
Sec. IV.

By writing Eqs. (6) through (13) in matrix form, the flux and DNP concentrations at time step m 
are calculated from those at time step m � 1 by solving

Mmϕm ¼ Kmϕm� 1 ; ð14Þ

where

Mm ¼

Am
1 Bm

1 Dm
1 Em

1 Fm
1 Gm

1 Hm
1 Lm

1
Am

2 Bm
2 0 . . . . . . . . . . . . 0

Am
3 Bm

3 Dm
3

. .
. ..

.

Am
4 Bm

4 0 Em
4

. .
. ..

.

Am
5 Bm

5
..
. . .

.
Fm

5
. .

. ..
.

Am
6 Bm

6
..
. . .

.
Gm

6
. .

. ..
.

Am
7 Bm

7
..
. . .

.
Hm

7 0
Am

8 Bm
8 0 . . . . . . . . . 0 Lm

8

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

2ð8N;8NÞ

; ð15Þ



Fig. 3. Comparison of the normalized power obtained in 
this study with that from Ref. 31. 
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Km ¼

Km
1 0 � � � � � � � � � � � � � � � 0

0 Km
2

. .
. ..

.

..

. . .
.

Km
3

. .
. ..

.

..

. . .
.

Km
4

. .
. ..

.

..

. . .
.

Km
5

. .
. ..

.

..

. . .
.

Km
6

. .
. ..

.

..

. . .
.

Km
7 0

0 � � � � � � � � � � � � � � � 0 Km
8

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

2 8N;8Nð Þ

; ð16Þ

and

ϕm ¼

ϕm
1

ϕm
2

Cm
1

Cm
2

Cm
3

Cm
4

Cm
5

Cm
6

0

B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
A

2 8N ;1ð Þ

: ð17Þ

All the submatrices in Eqs. (15) and (16) are diagonal 
N ;Nð Þ matrices except Am

1 and Bm
2 , which are 

tridiagonal. The submatrices in Eq. (17) are N ; 1ð Þ vec
tors representing the distributions of neutron flux and 
DNP concentrations at time step m of the transient. 
Detailed expression of the submatrices of Eqs. (15), 
(16), and (17) can be found in Eqs. (A.41) through 
(A.59) in the Appendix. The initial condition is 
expressed as ϕ0, which consists of the steady-state two- 
group fluxes and DNP concentrations calculated in 
Sec. II.B.

By varying m from 1 to M and recurrently solving 
Eq. (14), we obtained the time-dependent solutions of the 
neutron flux and the DNP concentrations. We quantified 
the normalized mean power by using

Pm ¼

PN
n¼1 νΣm

f ;1;nϕm
1;nΔxn þ νΣm

f ;2;nϕm
2;nΔxn

� �

PN
n¼1 νΣ0

f ;1;nϕ0
1;nΔxn þ νΣ0

f ;2;nϕ0
2;nΔxn

� � : ð18Þ

The normalized mean power during the transient is 
plotted as a function of the elapsed time in Fig. 3 in 
comparison with that provided in Ref. 31. The max
imum relative difference was around 2%, which 
demonstrated the forward transient solutions estab
lished in this work to be correct and the choices of 
both Δx and Δt to be appropriate. The discrepancy that 
exists in the power prediction, particularly for the lar
ger ones that appeared after 4 s, is mainly attributed to 
the limited modeling capabilities of the uniform mesh 
definition for the case problem. This limitation is 
clearly explained in Ref. 31. Since the primary goal 
of this study is to explore the adjoint calculations using 
this case problem, investigating and reducing the dis
crepancies appearing in Fig. 3 are out of the work 
scope of the paper.

The time-dependent distributions of the fast group 
neutron flux ϕ1, the thermal group neutron flux ϕ2, 



and the first-family DNP concentration C1, at time 
step m ¼ 4; 8; 12; 16; and 20 (2, 4, 6, 8, and 10 s into 
the transient) are plotted in Fig. 4. Because of the 
small decay constants, the magnitudes of the DNP 
concentrations are less sensitive to the control rod 
movement than those of the neutron fluxes. All the 
three distributions peaked around the middle of the 
1-D reactor in Fig. 4, while neutron flux distributions 
were more dependent on the control rod location. The 
more the rod was inserted, the more the peaks of the 
flux distributions would move to the lower part of the 
1-D reactor, as observed by comparing ϕ1 and ϕ2 
distributions at 4 and 6 s. On the contrary, the neutron 
flux and DNP distributions were independent of the 
location of the detector.

III. ADJOINT TRANSIENT CALCULATIONS WITH THE 
CONTINUOUS ADJOINT METHOD

Starting with this section, we investigate the 
transient (i.e., time-dependent) adjoint solutions in the 
simplified 1-D reactor through the adjoint transient 
calculations via two distinct numerical approaches. 
The continuous adjoint method is discussed and 
employed in Sec. III.A while the application of the 
discrete adjoint method is deferred to Sec. III.B.

III.A. Continuous Adjoint Method

Since the adjoint solutions are always associated 
with a specific response in the forward system, the 
quantity of interest (QOI) as a general response is 
required to be defined first for the adjoint system. 
As described earlier, a neutron detector was 
positioned in the third cell from the top of the 
1-D reactor during the postulated REA (see Fig. 1). 
The reading of the detector was selected as the QOI 
in this study, and the response was therefore 
expressed as the reaction rate density (in s� 1 � cm� 3) 
described as

R tð Þ ¼ Σd;1ϕ1 tð Þ þ Σd;2ϕ2 tð Þ ; ð19Þ

where Σd;1 and Σd;2 are the equivalent macroscopic 
detector cross sections in the simplified 1-D reactor 
(the reactor is not responsive to DNP). Σd;1 and Σd;2 

are assumed to be 0.2 cm� 1 and 0.02 cm� 1 in this 
study. The corresponding adjoint solutions are first cal
culated with the continuous adjoint method in this 
section.

As the adjoint operator is essentially the transpose 
of the forward operator in neutron diffusion 
equations,33 the adjoint system of the simplified 
1-D reactor is derived from Eq. (4) as

Fig. 4. Comparison of time-dependent distributions of ϕ1, ϕ2, and C1. 
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�
1
v1

qϕ�1
qt
�

q

qx
D1

qϕ�1
qx

� �

þ Σr;1ϕ�1 ¼ 1 � βtotð ÞνΣf ;1ϕ�1 þ Σs;1!2ϕ�2þ
X6

k¼i
βiνΣf ;1C�i

�
1
v2

qϕ�2
qt
�

q

qx
D2

qϕ�2
qx

� �

þ Σa;2ϕ�2 ¼ 1 � βtotð ÞνΣf ;2ϕ�1

þ
X6

i¼1
βiνΣf ;2C�i �

qC�i
qt
¼ λiϕ�1 � λiCi i ¼ 1 to 6ð Þ ;

8
>>>>>>>><

>>>>>>>>:

ð20Þ

where ϕ�1, ϕ�2, and C�i are the adjoint solutions of ϕ1, ϕ2, 
and Ci, respectively. To be consistent with the zero- 
current boundary conditions for the forward equations, 
a zero adjoint solution gradient was imposed as the 
boundary condition for the adjoint system. As 
a backward problem, the final state condition for the 
adjoint system is to set the adjoint solutions (including 
the adjoint fluxes and adjoint DNP concentrations) as all 
zero. The physical explanation for this consideration is 
that the detector was hypothetically removed at the end of 
the transient (at time step M), and the flux in the reactor 
did not impact the readings of the detector at any time 
after time step M . The importance of neutrons and DNP 
with respect to the readings of the detector therefore 
became zero, as well as the corresponding adjoint 
solutions.

We discretized Eq. (20) by using an implicit time 
discretization scheme and the spatial discretization 
scheme described in Sec. II.B. Following the similar 
pattern as the forward transient calculations, the dis
cretized form of Eq. (20) can be expressed by 
Eqs. (21) through (28) as follows (eight equations in 
total):

A�
m
1;n;n� 1 ϕ�

m
1;n� 1 þ A�

m
1;n;nϕ�

m
1;n þ A�

m
1;n;nþ1 ϕ�

m
1;nþ1

þ B�
m
1;n;nϕ�

m
2;n þ D�

m
1;n;nC�

m
1;n þ E�

m
1;n;n C�

m
2;n

þ F�
m
1;n;nC�

m
3;n þ G�

m
1;n;n C�

m
4;n þ H�

m
1;n;nC�

m
5;n

þ L�
m
1;n;nC�

m
6;n þ K�

m
1;n;nϕ�

mþ1
1;n ¼ 0 ; ð21Þ

A�
m
2;n;nϕ�

m
1;n þ B�

m
2;n;n� 1 ϕ�

m
2;n� 1 þ B�

m
2;n;nϕ�

m
2;n

þ B�
m
2;n;nþ1 ϕ�

m
2;nþ1 þ D�

m
2;n;nC�

m
1;n þ E�

m
2;n;nC�

m
2;n

þ F�
m
2;n;nC�

m
3;n þ G�

m
2;n;n C�

m
4;n þ H�

m
2;n;n C�

m
5;n

þ L�
m
2;n;n C�

m
6;n þ K�

m
2;n;n ϕ�

mþ1
2;n ¼ 0 ; ð22Þ

A�m
3;n;nϕ�m

1;n þ D�m
3;n;nC�m

1;n þ K�m
3;n;nC�mþ1

1;n ¼ 0 ; ð23Þ

A�m
4;n;nϕ�m

1;n þ E�m
4;n;nC�m

2;n þ K�m
4;n;nC�mþ1

2;n ¼ 0 ; ð24Þ

A�m
5;n;nϕ�m

1;n þ F�m
5;n;nC�m

3;n þ K�m
5;n;nC�mþ1

3;n ¼ 0 ; ð25Þ

A�m
6;n;nϕ�m

1;n þ G�m
6;n;nC�m

4;n þ K�m
6;n;nC�mþ1

4;n ¼ 0 ; ð26Þ

A�m
7;n;nϕ�m

1;n þ H�m
7;n;nC�m

5;n þ K�m
7;n;nC�mþ1

5;n ¼ 0 ; ð27Þ

and

A�m
8;n;nϕm

1;n þ L�m
8;n;nC�m

6;n þ K�m
8;n;nC�mþ1

6;n ¼ 0: ð28Þ

Similar to Eqs. (6) through (13), the subscript n 2
1;N½ � represents the mesh of interest, and the 

superscript m 2 1;M½ � represents the time step of 
interest in Eqs. (21) through (28). The coefficients 
occurring in Eqs. (21) through (28) are detailed in 
Eqs. (A.60) through (A.99) in the Appendix. It is 
noted that the adjoint system is a backward 
system,22,23,30 and the adjoint solutions are solved 
backwards in time (ϕ�M

! ϕ�M � 1
! . . .! ϕ�1). The 

implicit time discretization for the adjoint systems 
therefore resembles the explicit time discretization 
for the forward systems. As discussed above, the 
final condition adopted in this study was that the 
adjoint solutions at time step M þ 1 are all zero 
(ϕ�Mþ1

1;n , ϕ�Mþ1
2;n , and C�Mþ1

1;n ,C�Mþ1
6;n ¼ 0 for any 

n 2 1;N½ �).
By rewriting Eqs. (21) through (28) in matrix form, 

we obtain

M�ϕ� ¼ 0 ; ð29Þ
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where

M� ¼

M*1 K*1 0 � � � � � � � � � 0
0 M*2 K*2 0 ..

.

0 0 M*3 K*3 0 ..
.

..

. . .
. . .

. . .
. . .

. ..
.

..

.
0 M*M � 2 K*M � 2 0

..

.
0 M*M � 1 K*M � 1

0 � � � � � � � � � � � � 0 M*M

0

B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
A

2 8NM ;8NMð Þ

;

ð30Þ

M*m ¼

A*m
1 B*m

1 D*m
1 E*m

1 F*m
1 G*m

1 H*m
1 L*m

1
A*m

2 B*m
2 D*m

2 E*m
2 F*m

2 G*m
1 H*m

2 L*m
2

A*m
3 0 D*m

3
. .

. ..
.

A*m
4

..

. . .
.

E*m
4

. .
. ..

.

A*m
5

..

. . .
.

F*m
5

. .
. ..

.

A*m
6

..

. . .
.

G*m
6

. .
. ..

.

A*m
7

..

. . .
.

H*m
7 0

A*m
8 0 . . . . . . . . . . . . 0 L*m

8

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

2ð8N ;8NÞ

;

ð31Þ

and 

K�m
¼

K�m
1 0 � � � � � � � � � � � � � � � 0

0 K�m
2

. .
. ..

.

..

. . .
.

K�m
3

. .
. ..

.

..

. . .
.

K�m
4

. .
. ..

.

..

. . .
.

K�m
5

. .
. ..

.

..

. . .
.

K�m
6

. .
. ..

.

..

. . .
.

K�m
7 0

0 � � � � � � � � � � � � � � � 0 K�m
8

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

2 8N ;8Nð Þ

:

ð32Þ

All the submatrices in Eqs. (31) and (32) are diagonal 
N ;Nð Þ matrices except A�m

1 and B�m
2 , which are tridiago

nal. Detailed expression of the submatrices of Eqs. (31) 
and (32) can be found in Eqs. (A.100) through (A.110) in 
the Appendix.

The corresponding adjoint source is added to the right- 
hand side of Eq. (29) to calculate the adjoint fluxes (impor
tance of neutrons and DNP) to a specific QOI (Ref. 33). In 
the case where the detector readings are considered as the 
QOI, the adjoint source is the equivalent detector cross 
section.33 When the detector readings at a specific moment 
in time t0 are of interest, the adjoint source should be further 
multiplied by the term δ t � t0ð Þ (Ref. 18). Therefore, the 

time-dependent adjoint solutions to the detector readings at 
time step m (m 2 1;M½ �) can be obtained by solving

M�ϕ�m
¼ � S�m

; ð33Þ

where

ϕ*m
¼

ϕ*m;1

ϕ*m;2

..

.

ϕ*m;M

0

B
B
B
B
@

1

C
C
C
C
A

2 8NM ;1ð Þ ð34Þ



and

S�m
¼

0
..
.

0
S�m;m

0
..
.

0

0

B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
A

2 8NM ;1ð Þ

:

ð35Þ

The submatrices of ϕ*m, namely, ϕ*m;i (i 2 1;M½ �), are 
8N ; 1ð Þ vectors that represent the importance of the neu

trons and DNP at time step i to the detector readings at 
time step m. Because the detector was installed at the 
third cell from the top of the 1-D reactor and each cell 
was modeled with five meshes, the meaningful vector 
S�m;m can be expressed as

S�m;mðjÞ ¼
Σd;1 if j 2 pðId � 1Þ þ 1; pId½ �

Σd;2 if j 2 pðId � 1Þ þ 1þ N ; pId þ N½ �

0 if else

8
<

:
;

ð36Þ

where p is the number of meshes per cell (5 in the 
example case), Id is the number of the cell in which 
the detector is located (3 in this example case), and 
N is the total mesh number (60 in this example case). 

With all the matrices and vectors in Eq. (33) straigh
tened as above, we can obtain the time-dependent 
adjoint solutions by varying m from 1 to M and 
recurrently solving Eq. (33).

III.B. Transient Adjoint Solutions by the Continuous 
Adjoint Method

The time-dependent continuous adjoint solutions of the 
fast group neutron flux ϕ*m;i

1 , the thermal group neutron flux 
ϕ*m;i

2 , and the first-family DNP concentration C*m;i
1 to the 

detector readings at the time step m ¼ 10 (5 s into the 
transient) are plotted in Fig. 5. Both the fast group and the 
thermal group adjoint fluxes peaked at the location of the 
detector, which suggests that unlike the flux distributions 
that were independent of the detector location, the impor
tance of the neutrons to the detector response increased 
when being closer to the location of the detector. In addi
tion, both ϕ*m;i

1 and ϕ*m;i
2 became zero when i > m because 

the future variations in neutron flux did not affect the 
current readings of the detector, which makes physical 
sense. On the other hand, ϕ*m;i

1 and ϕ*m;i
2 were not zero 

when i < m because the past variations in neutron flux 
could affect the current readings of the detector, which 
also makes physical sense, as it suggests that although the 
detector was not directly responsive to the neutron flux in 
the past, the latter had an impact on the current neutron flux 
that further affected current readings of the detector. 

Fig. 5. Time-dependent continuous adjoint solutions to the detector readings at 5 s. 
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However, the importance of the neutrons in the past was 
more than one order of magnitude smaller than that of the 
current one (for the time step size employed in this study). 
Moreover, because of the small fractional yield of delayed 
neutrons, the importance of the DNP to the detector was 
more than two orders of magnitude smaller than that of the 
neutron flux.

The current-time continuous adjoint solutions of the 
fast group neutron flux ϕ*m;m

1 , the thermal group neutron 
flux ϕ*m;m

2 , and the first-family DNP concentration C1
*m;m 

to the detector readings at time step m ¼
4; 8; 12; 16; and 20 (2, 4, 6, 8, and 10 s into the tran
sient) are plotted in Fig. 6. It is shown that ϕ*m;m

1 < ϕ*m;m
2 

despite Σd;1 > Σd;2, which suggests that Σd is not the only 
factor that impacted the importance of the particles. It is 
also shown that ϕ*m;m

1 and ϕ*m;m
2 had the largest magni

tude at 4 s, when the control rod was the most extracted, 
and had the smallest magnitude at 10 s, when the control 
rod was the most inserted. This suggests that the current- 
time adjoint fluxes are positively correlated to the neutron 
fluxes.

The time-dependent flux-normalized current-time 
adjoint fluxes are plotted in Fig. 7 together with the 
relative differences with respect to that at 4 s (with the 
largest flux). The nonzero differences suggest that the 
current-time adjoint fluxes are not proportional to the 
neutron fluxes. A maximum error of around 30% would 
be introduced if the current-time adjoint fluxes are 

calculated at only one specific moment in time and 
extended to other moments in time by weighting on the 
neutron fluxes. Solving the time-dependent adjoint sys
tems is therefore necessary if good accuracy in the adjoint 
fluxes is required.

It is pointed out that we calculated only the adjoint 
solutions for the transient m 2 1;M½ �ð Þ in this section 
because the adjoint solutions associated with the detector 
response did not exist for the specific steady state con
sidered in this study, namely, the self-sustaining critical 
steady state. The adjoint equations of the steady state in 
this study can be written as

L*ϕ* ¼ S* ; ð37Þ

where L� ¼ LT as shown in Ref. 31 and S� is the adjoint 
source depending on the characteristics and the location 
of the detector. L� is noninvertible because L is nonin
vertible, as demonstrated in Sec. II.B. Therefore, Eq. (37) 
has no solutions unless S� lies in the image of L� (i.e., the 
span of vectors of the linear operator L�). However, S� is 
uncontrolled as the characteristics and the location of the 
detector are not imposed.

Although the adjoint solutions of interest do not exist for 
the self-sustaining critical steady state, they exist for other 
types of steady state. For example, Cacuci17 derived the 
analytical expression of the adjoint solutions associated with 
certain responses for steady states with external neutron 
sources. This is because when disturbances are introduced, 

Fig. 6. Current-time continuous adjoint solutions to the detector readings at 2, 4, 6, 8, and 10 s. 
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a new steady state with an external neutron source will be 
established while a self-sustaining critical state will not exist 
anymore.

IV. ADJOINT TRANSIENT CALCULATIONS WITH THE 
DISCRETE ADJOINT METHOD

The adjoint fluxes to the detector during the postu
lated REA in the simplified 1-D reactor are calculated by 
using the discrete adjoint method in this section to verify 
the results obtained in Sec. III.

IV.A. Discrete Adjoint Method

The discrete adjoint method calculates the adjoint 
solutions in a system through the following equation7:

qN

qϕ

� �T

ϕ* ¼ �
qJ
qϕ

� �T

; ð38Þ

where N represents the residual equations of the system, 
the components of which are actually given in Eqs. (6) 
through (13), and J represents a general response. 
Because the derivation of Eq. (38) has been discussed 
in detail in numerous existing references7,34,35 as well as 
in one of our previous works,23 it is not repeated in this 
paper. The response derivative qJ

qϕ can be expressed in the 
vector form as

qJ
qϕ

� �T

¼
qJ
qϕ1

1

qJ
qϕ2

1
� � � qJ

qCM � 1
6

qJ
qCM � 1

6

� �T

2 8NM ;1ð Þ
: ð39Þ

When the detector readings at time step m are of 
interest,

Jm ¼
X15

j¼11
Σd;1ϕm

1;j þ Σd;2ϕm
2; j

� �
ð40Þ

and

Fig. 7. Flux-normalized current-time continuous adjoint solutions to the detector readings at 2, 4, 6, 8, and 10s and the relative 
differences with respect to that at 4 s. 
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qJm

qϕ

� �T

8Nðm � 1Þ þ jð Þ

¼

Σd;1 if ði ¼ m and j 2 ½pðId � 1Þ þ 1; pId�Þ

Σd;2if ði ¼ m and j 2 ½pðId � 1Þ þ 1þ N ; pId þ N �Þ;
0 if else

8
><

>: ð41Þ
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with p, Id, and N similar to those in Eq. (36). Considering the simplified 1-D reactor in this study, the derivative to the residual 
function qN

qϕ can be expressed in matrix form as

qN

qϕ
¼

qN1

qϕ1
qN1

qϕ2 . . . qN1

qϕM� 1
qN1

qϕM

qN2

qϕ1
qN2

qϕ2 . . . qN2

qϕM� 1
qN2

qϕM

..

. ..
. ..

. ..
.

qNM � 1

qϕ1
qNM � 1

qϕ2 . . . qNM� 1

qϕM� 1
qNM � 1

qϕM

qNM

qϕ1
qNM

qϕ2 . . . qNM

qϕM� 1
qNM

qϕM

0

B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
A

2ð8NM ;8NMÞ

;

ð42Þ

where

qNm

qϕi ¼

qNm
1;1

qϕi
1;1

qNm
1;1

qϕi
1;2

. . . qNm
1;1

qCi
6;N � 1

qNm
1;1

qCi
6;N

qNm
1;2

qϕi
1;1

qNm
1;2

qϕi
1;2

. . . qNm
1;2

qCi
6;N � 1

qNm
1;2

qCi
6;N

..

. ..
. ..

. ..
.

qNm
8;N � 1

qϕi
1;1

qNm
8;N � 1

qϕi
1;2

. . . qNm
8;N � 1

qCi
6;N � 1

qNm
8;N � 1

qCi
6;N

qNm
8;N

qϕi
1;1

qNm
8;N

qϕi
1;1

. . . qNm
8;N

qCi
6;N � 1

qNm
8;N

qCi
6;N

0

B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
A

ðm; i 2 ½1;M �Þ :

2ð8N ;8NÞ ð43Þ

By plugging in the expressions of the residual equations shown in Eqs. (6) through (13), we observe that

qNm

qϕi ¼

Mm if i ¼ mð Þ

Km if i ¼ m � 1ð Þ

0 if else

8
<

:
:

ð44Þ

Because the N’s are linear to the variable ϕ’s, the matrix qN
qϕ

� �T 
can then be further simplified as

qN

qϕ

� �T

¼

M1� �T K2� �T 0 . . . . . . . . . 0
0 M2� �T K3� �T 0 . . . . . . 0
0 0 M3� �T K4� �T 0 . . . 0
..
. . .

. . .
. . .

. . .
. ..

.

0 . . . . . . 0 MM � 2� �T KM � 1� �T 0
0 . . . . . . . . . 0 MM � 1� �T KM� �T

0 . . . . . . . . . . . . 0 MM� �T

0

B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
A

2ð8NM ;8NMÞ

;

ð45Þ

with qN
qϕ

� �T 
and qJ

qϕ

� �T 
straightened, and we then can 

obtain the time-dependent adjoint solutions by varying 
m from M to 1 and recurrently solving Eq. (38). It can 
be seen that since the discrete adjoint method worked 
directly on the discretized form of the forward 

equations, the consistent boundary conditions of the 
adjoint equations were naturally counted by the reali
zation of Eq. (38) with no additional considerations. 
On the other hand, the final state condition should 
still be implicitly specified in a consistent manner in 
the discrete adjoint method because Eq. (38) has to be 



solved in the backward direction as well. In addition, 
since the adjoint discrete method precludes the need 
of deriving the continuous adjoint equations (in some 
cases, the derivation procedure could be prohibitive), 
it makes the method more straightforward to imple
ment. All these desirable features can be considered 
as advantages of the discrete adjoint method whereas 
straightening the needed matrices in the discrete 
adjoint method as shown above takes some effort.

IV.B. Transient Adjoint Solutions by the Discrete 
Adjoint Method

Similar to the results by the continuous adjoint 
method, the time-dependent discrete adjoint solutions 
of the fast group neutron flux ϕ*m;i

1 , the thermal group 
neutron flux ϕ*m;i

2 , and the first-family DNP 
concentration C*m;i

1 to the detector readings at time 
step m ¼ 10 (5 s into the transient) are plotted in 
Fig. 8.

Figure 8 resembles Fig. 5, while more thorough 
numerical comparisons indicate that all the continuous 
adjoint solutions and all the discrete adjoint solutions 
had exactly the same values in this study, which veri
fies the continuous adjoint solutions calculated in 
Sec. III.

By comparing Eq. (15) with Eq. (31), and Eq. (16) 
with Eq. (32) (detailed expressions of the coefficients 
are shown in Secs. A.II and A.IV, respectively), we can 
see that Mmð Þ

T resembles M�m m 2 1;M½ �ð Þ and 
Kmþ1� �T resembles K*m m 2 1;M � 1½ �ð Þ, except 

Δtm� 1!m (i.e., tm � tm� 1) is employed in Mmð Þ
T and 

Kmþ1� �T while Δtm!mþ1 (i.e., tmþ1 � tm) is employed 
in M�m and K�m. When Δtm� 1!m ¼ Δtm!mþ1, which is 
the case in this study as we used uniform time steps, 
Mmð Þ

T
¼M�m and Kmþ1� �T

¼ K�m. The left-hand 
side of Eq. (33) and that of Eq. (38) are therefore 
equivalent. Moreover, these two equations had the 

same right-hand side as S�m
¼ qJm

qϕ

� �T
, which can be 

clearly seen by comparing Eq. (36) with Eq. (40). 
Therefore, the continuous adjoint solutions and the 
discrete adjoint solutions have the same values. In 
light of the discussions above, for multigroup neutron 
diffusion systems, calculating time-dependent adjoint 
solutions using either the continuous method or the 
discrete method is equivalent, considering both perfor
mance and computational expense. This finding agrees 
with statements existing in the literature that the con
tinuous and the discrete adjoint methods have similar 
performance when they are applied to thermal- 
hydraulic problems.7,23

Fig. 8. Time-dependent discrete adjoint solutions to the detector readings at time step m ¼ 10 (5 s into the transient). 
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It is pointed out that the adjoint fluxes may have 
opposite signs depending on the definition of the 
system under consideration. More specifically, the 
continuous adjoint fluxes would have opposite signs 
if a minus sign was added to both sides of the 
residual equations of the system N whose components 
are expressed in Eqs. (6) through (13). Similarly, the 
discrete adjoint fluxes would have opposite signs if 
a minus sign was added to both sides of Eq. (29) 
before considerating the adjoint source. However, the 
change in the sign of the adjoint fluxes does not have 
an impact on the physical sensitivities. By using the 
discrete sensitivity method,23 the sensitivity of 
a general response J with respect to a system para
meter θ can be calculated as

δJ ϕð Þ
δθ
¼ ϕ�T qN ϕ; θð Þ

qθ
: ð46Þ

When a minus sign is added to N , both ϕ* and qN ϕ;θð Þ

qθ will 
have opposite signs while the sensitivity δJ ϕð Þ

δθ remains 
unchanged.

V. SUMMARY AND CONCLUSIONS

The adjoint flux, which can be understood as the 
importance of particles, is a key concept in nuclear engi
neering because it is indispensable for the adjoint sensi
tivity analysis of some system parameters that are crucial 
for reactor safety. However, partly because of the exces
sive computational cost, adjoint fluxes are usually calcu
lated only at steady states for eigenvalue problems and 
further used to estimate the time-dependent adjoint 
fluxes.

In this study, we demonstrated the necessity of cal
culating time-dependent adjoint fluxes by solving time- 
dependent adjoint systems rather than taking approxima
tions from steady-state solutions. A postulated REA in 
a simplified 1-D nuclear reactor was considered as the 
case study. We calculated the adjoint fluxes of the two- 
group diffusion model of the case study by using the 
continuous adjoint method and identified the following 
two advantages:

1. Unique feature: The importance of particles at 
a certain moment in time to a specific response at another 
moment can be quantified by solving the time-dependent 
adjoint systems, which cannot be obtained from the 
steady-state adjoint solutions.

2. Better accuracy: Errors (around 30% maximum 
for the case study) would be introduced if the current-time 
adjoint fluxes are calculated at only one specific moment in 
time and extended to other moments in time by weighting 
on the time-dependent neutron fluxes.

Therefore, solving time-dependent adjoint systems is 
necessary if the unique feature described above is 
required or if a certain accuracy criterion needs to 
be met.

Meanwhile, we calculated the adjoint fluxes of the 
two-group diffusion model by using the alternative dis
crete adjoint method. The adjoint fluxes calculated by 
both the continuous and the discrete adjoint methods 
were the same, as demonstrated by the case study, 
which verified the correctness of each other. 
Moreover, the perfect agreement of the two results 
also proved the computational equivalence of the two 
adjoint methods when they were applied to the multi
group neutron diffusion problems. This finding agrees 
with the conclusion in the literature that the continuous 
and the discrete adjoint methods have similar perfor
mance when they are applied to thermal-hydraulic 
problems.7

Finally, the final state condition required by the back
ward type of adjoint diffusion equations, which had 
remained ambiguous in the literature, is clearly addressed 
in this paper, the meaning of which is explained with 
physics insights. The clarified final condition was applied 
in the case study, and the accuracy of the adjoint solutions 
in the application further justifies the correct definition 
and implementation of the final condition for adjoint 
systems.

APPENDIX

A.I. COEFFICIENTS IN (6) THROUGH EQS. (13)           

The coefficients occurring in Eqs. (6) through (13) in 
Sec. II.C are expressed in Eqs. (A.1) through (A.40) as 
follows. Note that Δxn� 1=2 is calculated as the arithmetic 
mean of the adjacent meshes as Δxn� 1=2 ¼

Δxn þ Δxn� 1ð Þ=2, and Dn� 1=2 is calculated as the harmo
nic mean of that in the adjacent meshes 
as Dn� 1=2 ¼

2
1

Dnþ
1

Dn� 1
:

Am
1;n;n� 1 ¼

0 if n ¼ 1ð Þ

�
Dm

1;n� 1=2

ΔxnΔxn� 1=2
ifð1 < n � NÞ ;

8
<

:
ðA:1Þ
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Am
ð1;n;nÞ ¼

1
v1Δtm� 1!m

þ
Dm

1;nþ1=2

ΔxnΔxnþ1=2
þ Σm

r;1;n � 1 � βtotð ÞνΣm
f ;1;n if n ¼ 1ð Þ

1
v1Δtm� 1!m

þ
Dm

1;n� 1=2

ΔxnΔxn� 1=2
þ

Dm
1;nþ1=2

ΔxnΔxnþ1=2
þ Σm

r;1;n � 1 � βtotð ÞνΣm
f ;1;n if ð1 < n < NÞ

1
v1Δtm� 1!m

þ
Dm

1;n� 1=2

ΔxnΔxn� 1=2
þ Σm

r;1;n � 1 � βtotð ÞνΣm
f ;1;n if n ¼ Nð Þ ;

8
>>>>>>><

>>>>>>>:

ðA:2Þ

Am
1;n;nþ1 ¼

�
D1;nþ1=2

ΔxnΔxnþ1=2
if ð1 � n < NÞ

0 if n ¼ Nð Þ

8
<

:
; ðA:3Þ

Bm
1;n;n ¼ � 1 � βtotð ÞνΣm

f ;2;n ; ðA:4Þ

Dm
1;n;n ¼ � λ1 ; ðA:5Þ

Em
1;n;n ¼ � λ2 ; ðA:6Þ

Fm
1;n;n ¼ � λ3 ; ðA:7Þ

Gm
1;n;n ¼ � λ4 ; ðA:8Þ

Hm
1;n;n ¼ � λ5 ; ðA:9Þ

Lm
1;n;n ¼ � λ6 ; ðA:10Þ

Km
1;n;n ¼ �

1
v1Δtm� 1!m

; ðA:11Þ

Am
2;n;n ¼ � Σm

s;1!2;n ; ðA:12Þ

Bm
2;n;n� 1 ¼

0 if n ¼ 1ð Þ

�
Dm

2;n� 1=2

ΔxnΔxn� 1=2
ifð1 < n � NÞ ;

8
<

:
ðA:13Þ

Bm
ð2;n;nÞ ¼

1
v2Δtm� 1!m

þ
Dm

2;nþ1=2

ΔxnΔxnþ1=2
þ Σm

a;2;n if n ¼ 1ð Þ

1
v2Δtm� 1!m

þ
Dm

2;n� 1=2

ΔxnΔxn� 1=2
þ

Dm
1;nþ1=2

ΔxnΔxnþ1=2
þ Σm

a;2;n ifð1 < n < NÞ

1
v2Δtm� 1!m

þ
Dm

2;n� 1=2

ΔxnΔxn� 1=2
þ Σm

a;2;n if n ¼ Nð Þ ;

8
>>>>>>><

>>>>>>>:

ðA:14Þ

Bm
2;n;nþ1 ¼

�
D2;nþ1=2

ΔxnΔxnþ1=2
if ð1 � n < NÞ

0 if n ¼ Nð Þ

(

; ðA:15Þ
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Km
2;n;n ¼ �

1
v1Δtm� 1!m

; ðA:16Þ

Am
3;n;n ¼ � β1νΣm

f ;1;n ; ðA:17Þ

Bm
3;n;n ¼ � β1νΣm

f ;2;n ; ðA:18Þ

Dm
3;n;n ¼

1
Δtm� 1!m

þ λ1 ; ðA:19Þ

Km
3;n;n ¼ �

1
Δtm� 1!m

; ðA:20Þ

Am
4;n;n ¼ � β2νΣm

f ;1;n ; ðA:21Þ

Bm
4;n;n ¼ � β2νΣm

f ;2;n ; ðA:22Þ

Em
4;n;n ¼

1
Δtm� 1!m

þ λ2 ; ðA:23Þ

Km
4;n;n ¼ �

1
Δtm� 1!m

; ðA:24Þ

Am
5;n;n ¼ � β3νΣm

f ;1;n ; ðA:25Þ

Bm
5;n;n ¼ � β3νΣm

f ;2;n ; ðA:26Þ

Fm
5;n;n ¼

1
Δtm� 1!m

þ λ3 ; ðA:27Þ

Km
5;n;n ¼ �

1
Δtm� 1!m

; ðA:28Þ

Am
6;n;n ¼ � β4νΣm

f ;1;n ; ðA:29Þ

Bm
6;n;n ¼ � β4νΣm

f ;2;n ; ðA:30Þ

Gm
6;n;n ¼

1
Δtm� 1!m

þ λ4 ; ðA:31Þ

Km
6;n;n ¼ �

1
Δtm� 1!m

; ðA:32Þ

Am
7;n;n ¼ � β5νΣm

f ;1;n ; ðA:33Þ

Bm
7;n;n ¼ � β5νΣm

f ;2;n ; ðA:34Þ

Hm
7;n;n ¼

1
Δtm� 1!m

þ λ5 ; ðA:35Þ

Km
7;n;n ¼ �

1
Δtm� 1!m

; ðA:36Þ

Am
8;n;n ¼ � β6νΣm

f ;1;n ; ðA:37Þ

Bm
8;n;n ¼ � β6νΣm

f ;2;n ; ðA:38Þ

Lm
8;n;n ¼

1
Δtm� 1!m

þ λ6 ; ðA:39Þ

and 

Km
8;n;n ¼ �

1
Δtm� 1!m

: ðA:40Þ

A.II. SUBMATRICES IN EQS. (15), (16), AND (17)         

The submatrices occurring in Eqs. (15), (16), and (17) in 
Sec. II.C are expressed in Eqs. (A.41) through (A.59) as 
follows:
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Am
1 ¼

Am
1;1;1 Am

1;1;2 0 . . . . . . . . . 0

Am
1;2;1 Am

1;2;2 Am
1;2;3 0 ..

.

0 Am
1;3;2 Am

1;3;3 Am
1;3;4

. .
. ..

.

..

.
0 . .

. . .
. . .

.
0 ..

.

..

. . .
.

Am
1;N� 2;N� 3 Am

1;N � 2;N� 2 Am
1;N� 2;N � 1 0

..

.
0 Am

1;N � 1;N� 2 Am
1;N� 1;N � 1 Am

1;N� 1;N
0 . . . . . . . . . 0 Am

1;N;N� 1 Am
1;N;N

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

2 N;Nð Þ

;

ðA:41Þ

Am
i ¼

Am
i;1;1 0 � � � � � � 0

0 Am
i;2;2 0 ..

.

..

. . .
. . .

. . .
. ..

.

..

. . .
. . .

.
0

0 � � � � � � 0 Am
i;N;N

0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
A

2 N;Nð Þ

if i ¼ 2 to 8 ;

ðA:42Þ

Bm
i ¼

Bm
i;1;1 0 � � � � � � 0

0 Bm
i;2;2 0 ..

.

..

. . .
. . .

. . .
. ..

.

..

. . .
. . .

.
0

0 � � � � � � 0 Bm
i;N;N

0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
A

2 N;Nð Þ

if i ¼ 1 or 3 to 8 ;

ðA:43Þ

Bm
2 ¼

Bm
2;1;1 Bm

2;1;2 0 . . . . . . . . . 0

Bm
2;2;1 Bm

2;2;2 Bm
2;2;3 0 ..

.

0 Bm
2;3;2 Bm

2;3;3 Bm
2;3;4

. .
. ..

.

..

. . .
. . .

. . .
. . .

. . .
. ..

.

..

. . .
.

Bm
2;N� 2;N� 3 Bm

2;N � 2;N� 2 Bm
2;N� 2;N � 1 0

..

.
0 Bm

2;N � 1;N� 2 Bm
2;N� 1;N � 1 Bm

2;N� 1;N
0 . . . . . . . . . 0 Bm

2;N;N� 1 Bm
2;N;N

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

2 N;Nð Þ

;

ðA:44Þ

Dm
i ¼

Dm
i;1;1 0 � � � � � � 0

0 Dm
i;2;2 0 ..

.

..

. . .
. . .

. . .
. ..

.

..

. . .
. . .

.
0

0 � � � � � � 0 Dm
i;N ;N

0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
A

2 N ;Nð Þ

if i ¼ 1 or 3 ;

ðA:45Þ
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Em
i ¼

Em
i;1;1 0 � � � � � � 0

0 Em
i;2;2 0 ..

.

..

. . .
. . .

. . .
. ..

.

..

. . .
. . .

.
0

0 � � � � � � 0 Em
i;N ;N

0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
A

2 N ;Nð Þ

if i ¼ 1 or 4 ;

ðA:46Þ

Fm
i ¼

Fm
i;1;1 0 � � � � � � 0

0 Fm
i;2;2 0 ..

.

..

. . .
. . .

. . .
. ..

.

..

. . .
. . .

.
0

0 � � � � � � 0 Fm
i;N ;N

0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
A

2 N ;Nð Þ

if i ¼ 1 or 5 ;

ðA:47Þ

Gm
i ¼

Gm
i;1;1 0 � � � � � � 0

0 Gm
i;2;2 0 ..

.

..

. . .
. . .

. . .
. ..

.

..

. . .
. . .

.
0

0 � � � � � � 0 Gm
i;N ;N

0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
A

2 N ;Nð Þ

if i ¼ 1 or 6 ;

ðA:48Þ

Hm
i ¼

Hm
i;1;1 0 � � � � � � 0

0 Hm
i;2;2 0 ..

.

..

. . .
. . .

. . .
. ..

.

..

. . .
. . .

.
0

0 � � � � � � 0 Hm
i;N ;N

0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
A

2 N ;Nð Þ

if i ¼ 1 or 7 ;

ðA:49Þ

Lm
i ¼

Lm
i;1;1 0 � � � � � � 0

0 Lm
i;2;2 0 ..

.

..

. . .
. . .

. . .
. ..

.

..

. . .
. . .

.
0

0 � � � � � � 0 Lm
i;N ;N

0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
A

2 N ;Nð Þ

if i ¼ 1 or 8 ;

ðA:50Þ

Km
i ¼ �

Km
i;1;1 0 � � � � � � 0

0 Km
i;2;2 0 ..

.

..

. . .
. . .

. . .
. ..

.

..

. . .
. . .

.
0

0 � � � � � � 0 Km
i;N ;N

0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
A

2 N ;Nð Þ

if i ¼ 1 to 8 ;

ðA:51Þ

ϕm
1 ¼ ϕm

1;1 � � � ϕm
1;N

� �T
2 N ;1ð Þ

; ðA:52Þ

ϕm
2 ¼ ϕm

2;1 � � � ϕm
2;N

� �T
2 N ;1ð Þ

; ðA:53Þ

Cm
1 ¼ Cm

1;1 � � � Cm
1;N

� �T
2 N ;1ð Þ

; ðA:54Þ

Cm
2 ¼ Cm

2;1 � � � Cm
2;N

� �T
2 N ;1ð Þ

; ðA:55Þ
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Cm
3 ¼ Cm

3;1 � � � Cm
3;N

� �T
2 N ;1ð Þ

; ðA:56Þ

Cm
4 ¼ Cm

4;1 � � � Cm
4;N

� �T
2 N ;1ð Þ

; ðA:57Þ

Cm
5 ¼ Cm

5;1 � � � Cm
5;N

� �T
2 N ;1ð Þ

; ðA:58Þ

and 

Cm
6 ¼ Cm

6;1 � � � Cm
6;N

� �T
2 N ;1ð Þ

: ðA:59Þ

A.III. COEFFICIENTS IN EQS. (21) THROUGH (28)        

The coefficients occurring in Eqs. (21) through (28) in 
Sec. III.A are expressed in Eqs. (A.60) through (A.99) as 
follows:

A�m
1;n;n� 1 ¼

0 if n ¼ 1ð Þ

�
Dm

1;n� 1=2

ΔxnΔxn� 1=2
ifð1 < n � NÞ

8
<

:
; ðA:60Þ

A�m
ð1;n;nÞ ¼

1
v1Δtm!mþ1

þ
Dm

1;nþ1=2

ΔxnΔxnþ1=2
þ Σm

r;1;n � 1 � βtotð ÞνΣm
f ;1;n if n ¼ 1ð Þ

1
v1Δtm!mþ1

þ
Dm

1;n� 1=2

ΔxnΔxn� 1=2
þ

Dm
1;nþ1=2

ΔxnΔxnþ1=2
þ Σm

r;1;n � 1 � βtotð ÞνΣm
f ;1;n ifð1 < n < NÞ

1
v1Δtm!mþ1

þ
Dm

1;n� 1=2

ΔxnΔxn� 1=2
þ Σm

r;1;n � 1 � βtotð ÞνΣm
f ;1;n if n ¼ Nð Þ ;

8
>>>>>>><

>>>>>>>:

ðA:61Þ

A�m
1;nþ1 ¼

�
D1;nþ1=2

ΔxnΔxnþ1=2
ifð1 � n < NÞ

0 if n ¼ Nð Þ ;

8
<

:
ðA:62Þ

B�m
1;n;n ¼ � Σm

s;1!2;n ; ðA:63Þ

D�m
1;n;n ¼ � β1νΣm

f ;1;n ; ðA:64Þ

E�m
1;n ¼ � β2νΣm

f ;1;n ; ðA:65Þ

F�m
1;n ¼ � β3νΣm

f ;1;n ; ðA:66Þ

G�m
1;n ¼ � β4νΣm

f ;1;n ; ðA:67Þ

H�m
1;n ¼ � β5νΣm

f ;1;n ; ðA:68Þ

L�m
1;n ¼ � β6νΣm

f ;1;n ; ðA:69Þ

K�m
1;n ¼ �

1
v1Δtm!mþ1

; ðA:70Þ

A�m
2;n;n ¼ � 1 � βtotð ÞνΣm

f ;2;n ; ðA:71Þ

B�m
2;n;n� 1 ¼

0 if n ¼ 1ð Þ

�
Dm

2;n� 1=2

ΔxnΔxn� 1=2
ifð1n � NÞ

8
<

:
; ðA:72Þ
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B�m
ð2;n;nÞ ¼

1
v2Δtm!mþ1

þ
Dm

2;nþ1=2

ΔxnΔxnþ1=2
þ Σm

a;2;n if n ¼ 1ð Þ

1
v2Δtm!mþ1

þ
Dm

2;n� 1=2

ΔxnΔxn� 1=2
þ

Dm
1;nþ1=2

ΔxnΔxnþ1=2
þ Σm

a;2;n ifð1 < n < NÞ

1
v2Δtm!mþ1

þ
Dm

2;n� 1=2

ΔxnΔxn� 1=2
þ Σm

a;2;n if n ¼ Nð Þ ;

8
>>>>>>><

>>>>>>>: ðA:73Þ

B�m
2;n;nþ1 ¼

�
D2;nþ1=2

ΔxnΔxnþ1=2
ifð1 � n < NÞ

0 if n ¼ Nð Þ

8
<

:
; ðA:74Þ

D�m
2;n;n ¼ � β1νΣm

f ;2;n ; ðA:75Þ

E�m
2;n;n ¼ � β2νΣm

f ;2;n ; ðA:76Þ

F�m
2;n;n ¼ � β3νΣm

f ;2;n ; ðA:77Þ

G�m
2;n;n ¼ � β4νΣm

f ;2;n ; ðA:78Þ

H�m
2;n;n ¼ � β5νΣm

f ;2;n ; ðA:79Þ

L�m
2;n;n ¼ � β6νΣm

f ;2;n ; ðA:80Þ

K�m
2;n;n ¼ �

1
v2Δtm!mþ1

; ðA:81Þ

A�m
3;n;n ¼ � λ1 ; ðA:82Þ

D�m
3;n;n ¼

1
Δtm!mþ1

þ λ1 ; ðA:83Þ

K�m
3;n;n ¼ �

1
Δtm!mþ1

; ðA:84Þ

A�m
4;n;n ¼ � λ2 ; ðA:85Þ

E�m
4;n;n ¼

1
Δtm!mþ1

þ λ2 ; ðA:86Þ

K�m
4;n;n ¼ �

1
Δtm!mþ1

; ðA:87Þ

A�m
5;n;n ¼ � λ3 ; ðA:88Þ

F�m
5;n;n ¼

1
Δtm!mþ1

þ λ3 ; ðA:89Þ

K�m
5;n;n ¼ �

1
Δtm!mþ1

; ðA:90Þ

A�m
6;n;n ¼ � λ4 ; ðA:91Þ

G�m
6;n;n ¼

1
Δtm!mþ1

þ λ4 ; ðA:92Þ

K�m
6;n;n ¼ �

1
Δtm!mþ1

; ðA:93Þ

A�m
7;n;n ¼ � λ5 ; ðA:94Þ

H�m
7;n;n ¼

1
Δtm!mþ1

þ λ5 ; ðA:95Þ

K�m
7;n;n ¼ �

1
Δtm!mþ1

; ðA:96Þ

A�m
8;n;n ¼ � λ6 ; ðA:97Þ

L�m
8;n;n ¼

1
Δtm!mþ1

þ λ6 ; ðA:98Þ

and 

K�m
8;n;n ¼ �

1
Δtm!mþ1

: ðA:99Þ



A.IV. SUBMATRICES IN EQS. (31) AND (32)                                                                                 

The submatrices occurring in Eqs. (31) and (32) in Sec. III.A are expressed in Eqs. (A.100) through (A.110) as follows:

A�m
1 ¼

A�m
1;1;1 A�m

1;1;2 0 � � � � � � � � � 0

A�m
1;2;1 A�m

1;2;2 A�m
1;2;3 0 ..

.

0 A�m
1;3;2 A�m

1;3;3 A�m
1;3;4

..

.

..

. . .
. . .

. . .
. . .

.
0 ..

.

..

. . .
.

A�m
1;N � 2;N � 3 A�m

1;N � 2;N � 2 A�m
1;N � 2;N � 1 0

..

.
0 A�m

1;N � 1;N � 2 A�m
1;N � 1;N � 1 A�m

1;N � 1;N
0 � � � � � � � � � 0 A�m

1;N ;N � 1 A�m
1;N ;N

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

2 N ;Nð Þ

;

ðA:100Þ

A�m
i ¼

A�m
i;1;1 0 � � � � � � 0

0 A�m
i;2;2 0 ..

.

..

. . .
. . .

. . .
. ..

.

..

. . .
. . .

.
0

0 � � � � � � 0 A�m
i;N ;N

0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
A

2 N ;Nð Þ

if i ¼ 2 to 8 ;

ðA:101Þ

B�m
1 ¼

B�m
1;1;1 0 � � � � � � 0

0 B�m
1;2;2 0 ..

.

..

. . .
. . .

. . .
. ..

.

..

. . .
. . .

.
0

0 � � � � � � 0 B�m
1;N ;N

0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
A

2 N ;Nð Þ

;

ðA:102Þ

B�m
2 ¼

B�m
2;1;1 B�m

2;1;2 0 � � � � � � � � � 0

B�m
2;2;1 B�m

2;2;2 B�m2;2;3 0 ..
.

0 B�m
2;3;2 B�m2;3;3 B�m

2;3;4 0 ..
.

..

. . .
. . .

. . .
. . .

. . .
. ..

.

..

.
0 B�m2;N � 2;N � 3 B�m2;N � 2;N � 2 B�m2;N � 2;N � 1 0

..

.
0 B�m2;N � 1;N � 2 B�m2;N � 1;N � 1 B�m2;N � 1;N

0 � � � � � � � � � 0 B�m2;N;N � 1 B�m2;N;N

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A
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;

ðA:103Þ
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D�m
i ¼

D�m
i;1;1 0 � � � � � � 0

0 D�m
i;2;2 0 ..

.

..

. . .
. . .

. . .
. ..

.

..

. . .
. . .

.
0

0 � � � � � � 0 D�m
i;N ;N

0

B
B
B
B
B
B
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1

C
C
C
C
C
C
C
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if i ¼ 1; 2; or 3 ;

ðA:104Þ
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.
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.
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0
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B
B
B
B
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C
C
C
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. . .
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. . .
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B
B
B
B
B
B
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C
C
C
C
C
C
C
A

2 N ;Nð Þ
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ðA:106Þ
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0 G�mi;2;2 0 ..
.

..

. . .
. . .

. . .
. ..

.
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. . .
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.
0
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0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
A

2 N ;Nð Þ

if i ¼ 1; 2 or 6 ;
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i ¼

H�m
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0 H�mi;2;2 0 ..
.
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. . .
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.
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. . .
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B
B
B
B
B
B
@

1

C
C
C
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C
C
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L�m
i ¼

L�m
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.
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. . .
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. . .
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.
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. . .
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.
0

0 � � � � � � 0 L�m
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0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
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if i ¼ 1; 2 or 8 ;

ðA:109Þ
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and

K�m
i ¼ �

K�m
i;1;1 0 � � � � � � 0

0 K�m
i;2;2 0 ..

.

..

. . .
. . .

. . .
. ..

.

..

. . .
. . .

.
0

0 � � � � � � 0 K�m
i;N ;N

0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
A

2 N ;Nð Þ

if i ¼ 1 to 8:

ðA:110Þ
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