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Abstract — Equilibrium state generation for the pebble bed reactor (PBR) is challenging due to the need 
to simultaneously account for both pebble movement and changes in fuel compositions. Multigroup 
diffusion codes have been historically employed to generate the equilibrium state and perform conventional 
neutronics calculations for PBRs, while neutron cross-section generation has been challenging due to the 
double heterogeneity of PBRs. Thanks to the capability to treat the double heterogeneity naturally, 
continuous-energy Monte Carlo (MC) methods are more suitable for detailed PBR analysis, but at the 
cost of significantly higher computing power.

This paper presents a new Methodology to Efficiently Estimate the Equilibrium State of a PBR 
(MEEES-PBR) to generate equilibrium-state MC models for PBRs at lower computational expense. The 
MEEES-PBR is expected to contribute to the future development of PBR designs by accelerating the efforts 
in core designs and parametric studies. The theory of the MEEES-PBR is introduced in detail in this paper, 
and the procedure is demonstrated via an example application to the 165-MW(thermal) Xe-100 design. The 
computational cost and the accuracy of the MEEES-PBR are discussed to prove its viability.

Keywords — Pebble bed reactor, equilibrium state, fuel composition distribution, Monte Carlo neutronics 
model.  

Note — Some figures may be in color only in the electronic version. 

I. INTRODUCTION

The pebble bed reactor (PBR) has been under devel-
opment for more than 6 decades. With the fuel pebbles 
continuously circulating, the PBR has high flexibility in 
fuel management and the capability of online refueling. 
More importantly, the PBR is commonly regarded with 
a distinct inherent safety due to the employment of 
TRISO particulate fuel—a tristructrual-isotropic particle 
consisting of a micro-spherical fuel material encapsulated 
by a series of coatings. The coatings of the TRISO fuel 
provide a buffer for fission gas deposition for the fuel 
particle and function as a miniature pressure vessel to 

minimize fission product release. The coated TRISO par-
ticles are randomly dispersed in a graphite matrix to 
construct the fuel pebble in the PBR. Although helium 
gas has been historically employed in the PBR as the 
coolant, such as in the AVR (Ref. 1), PBMR-400 (Ref. 2), 
and HTR-10 (Ref. 3), the use of molten salt as the coolant 
is also under active research, such as in the MK1-FHR 
(Ref. 4) and KP-FHR (Ref. 5).

Detailed neutronics analyses are indispensable for the 
future development of the PBR, but reactor physics cal-
culations have been challenging for pebble bed–type 
reactors because of the need to account for both pebble 
movement and changes in fuel compositions at the same 
time. Different operational conditions can be identified 
for the PBR, including the running-in phase, where the 
characteristics of the core keep changing, and the equili-
brium state,6,7 where a quasi-static state is reached and all
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the important parameters of the core remain constant. 
These include the pebble insertion and removal rate, the 
averaged fuel burnup (BU) at insertion and discharge, the 
temperature rising across the PBR, etc. The equilibrium 
state is characteristic for the largest part of the reactor 
operational conditions, and therefore is assumed for many 
performance and licensing calculations.8 Equilibrium- 
state calculations can also provide effective initial condi-
tions for most of the design-basis transient safety 
analyses.9,10 Therefore, it is of paramount importance to 
obtain a PBR equilibrium state in the reactor calculations.

However, the current modeling of the equilibrium- 
phase state of a PBR usually requires large computational 
expense because repetitive fuel depletion calculations are 
required.8,11 Although the continuous efforts made by 
researchers worldwide are leading to the emergence of 
numerous novel codes for PBR modeling,12–14 historical 
VSOP (Ref. 15) and PEBBED (Ref. 16) are still the most 
widely used and credited codes to perform equilibrium- 
state calculations for the PBR. Both codes are multigroup 
diffusion codes despite the existing differences in algo-
rithms and numerical techniques employed.8 Because of 
the employment of TRISO fuel particles in the pebbles, the 
PBR is well known to bear the double-heterogeneous 
effect on neutronics aspect, which makes the neutron 
cross-section generation rather challenging for existing 
deterministic lattice codes. Conversely, the double hetero-
geneity can be naturally treated by the continuous-energy 
Monte Carlo (MC)–type methods that also have the cap-
ability of handling the complex geometries of advanced 
reactor systems.17,18 These advantages make MC-based 
calculation tools the most suitable for detailed PBR core 
analyses.19 However, due to the high requirement in com-
puting power, the MC-based methods did not start to 
emerge until recent years. For example, based on the MC 
code MVP (Ref. 20), Setiadipura and Obara21 developed 
a MC BU analysis code for PBRs (MCPBR), which can 
perform calculations for PBRs with the once-through-then- 
out (OTTO) fueling scheme.18 Based on MCNP (Ref. 22), 
Fratoni and Greenspan23 developed a three-dimensional 
full-core analysis methodology that is capable of simulat-
ing PBRs with multipass fueling schemes,20 which was 
further improved by Cisneros.24 Even with the high com-
putational power available today, these MC calculations 
still take a long time to complete.

Motivated by the previous observations, a new 
Methodology to Efficiently Estimate the Equilibrium 
State of a PBR (MEEES-PBR) is developed in this 
work to generate the MC-based equilibrium models for 
the PBR. The philosophy of the MEEES-PBR is to divide 
the active core of a PBR into different fuel regions, 

estimate the equilibrium fuel BU in each fuel region, 
and then iteratively estimate the fuel compositions in 
each fuel region based on the BU value until both the 
effective multiplication factor keff and the BU distribution 
satisfy the specifications of the equilibrium core specifi-
cations. The fuel compositions corresponding to different 
BUs were obtained in advance by performing depletion 
calculations in a separate single-fuel-region model, in 
which only one fuel region with one single fuel material 
was considered. This single fuel material is considered as 
a reasonable representation of the “average” fuel in the 
core because any single fuel pebble in a PBR is not 
tracked and therefore has the equal probability to appear 
at any locations in the active core. It is pointed out that 
although the pebble-tracking methodology is not mature 
yet, both numerical25,26 and experimental27 efforts have 
been recently made by dedicated researchers to accelerate 
its realization. Besides the single-fuel-region model, 
another distinct feature of the MEES-PBR is that all 
calculations, including the depletion calculations, are per-
formed with MC models, and thus the high order of 
model fidelity and computational accuracy are retained. 
As demonstrated by the application in this work, while 
being computational cost efficient, the MEEES-PBR pro-
vides a reasonable estimate of the fuel component dis-
tributions in equilibrium-state PBRs. The MEEES-PBR is 
expected to contribute to the future development of PBR 
designs by accelerating the efforts in core designs and 
optimization-oriented parametric studies, and it is not 
necessarily limited to gas-cooled PBRs.

The rest of this paper is organized as follows. Section II 
presents the theoretical basis and workflow of the MEEES- 
PBR. The main assumptions employed in the method are 
also thoroughly discussed in this section. Section III demon-
strates the application of the MEEES-PBR by applying it in 
the analysis of X-energy’s Xe-100 reactor design, and the 
computational cost of the application is detailed. In Sec. IV, 
several core characteristics of the Xe-100 design quantified 
by the MEEES-PBR are compared with existing references 
to show the accuracy of the MEEES. Section V summarizes 
the main efforts of this work and offers a brief perspective 
on future endeavors.

II. METHODOLOGY OF THE MEEES-PBR

For a better explanation of the MEEES-PBR, the active 
PBR core of interest is schematically illustrated in Fig. 1. 
The height of the cylindrical active core of the PBR of 
interest is noted as H , and the outer radius is noted as R. As 
shown in Fig. 1, the active core is divided into M concentric
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fuel rings that are later referred to as the flow channels. 
Each fuel ring m has an outer radius of Rm, whereas R0 ¼ 0 
and RM ¼ R. The active core is also divided into N equal- 
thickness fuel layers. Layer 1 is assumed to be filled with 
the feeding fuel pebbles, whereas layer N þ 1, consisting of 
the discharged fuel pebbles, is located outside of the active 
core. Because the fuel pebbles are not tracked, their iden-
tities are lost when introduced into the active core of a PBR, 
and the fuel isotopic composition becomes the only char-
acteristic to differentiate these fuel pebbles. At the equili-
brium state, the distribution of the fuel isotopic composition 
is considered static in the active core, and the goal of the 
MEEES-PBR is to determine the fuel isotopic composition 
in each of the M � N fuel regions.

Because of the mixing of fuel pebbles when fed to 
the core, a specific fuel pebble has an equal possibility 
of being found at any location in the active core at the 
equilibrium state of a PBR, and each fuel pebble experi-
ences the same neutron spectra during its depletion. It is 
therefore reasonable to consider that the fuel isotopic 

composition is directly correlated to the BU and to 
further assume that any two fuel pebbles with the same 
BU have the same fuel isotopic compositions. 
Therefore, the distribution of the fuel isotopic composi-
tions that defines the equilibrium state of a PBR can be 
determined by finding the corresponding BU distribu-
tion. It is pointed out that the BU discussed previously 
does not refer to the depletion history of one single fuel 
pebble at one specific location of the active core where 
one specific neutron spectrum is experienced, but rather 
an “averaged” depletion history on which the different 
neutron spectra existing at all the locations of the active 
core have equal impact. The fuel isotopic composition 
as a function of the averaged BU can be determined by 
modeling the fuel in all the pebbles in the active core 
with a single material during the depletion calculation. 
An empirical approach used to estimate the average BU 
map for a specific reactor is described in Sec. II.A, 
followed by a detailed description of the MEEES-PBR 
procedure.

Fig. 1. Schematic of the active core of the PBR of interest in the MEEES.
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II.A. Estimate the Reactor-Specific Average BU Map

Fuel pebbles in the active core essentially move 
axially while their radial or azimuthal movement is 
relatively limited.20,24 The fuel pebbles have more sig-
nificant nonaxial flow near the bottom of the core, when 
redirected by the cone to the discharge chute.28 

However, this effect was neglected because we did not 
consider the bottom cone and discharge chute of the 
PBR in the MEEES-PBR for simplicity. This simplifica-
tion was not expected to have a significant impact on the 
neutron flux distribution in the core because the neutron 
fluxes at these regions were small.21 Therefore, we 
assumed that the pebbles only moved within their flow 
channels in the MEEES-PBR. By assuming the fuel 
pebbles in direct contact with the wall of the active 
core to be static, the pebble flow velocity vr was mod-
eled as a second-order polynomial of its distance to the 
centerline of the core8 as

vr ¼ a R � rð Þ
2
; ð1Þ

where a is an arbitrary constant that will be canceled 
later. By assuming a uniform packing fraction (PF) of 
the fuel pebbles in the active core, the volumetric 
flow rate of the fuel pebbles in ring m was calculated 
as

Qm ¼ ò

Rm

Rm� 1

PF � a R � rð Þ
2
� 2πrdr: ð2Þ

The averaged pebble velocity in ring m was therefore

vm ¼
Qm

Am
¼ PF � a �

R2r2 � 4=3 � Rr3 þ 1=2 � r4� �Rm

Rm� 1

r2½ �
Rm
Rm� 1

:

ð3Þ

The total increase of fuel BU in ring m throughout the 
active core ΔBUm was expressed as

ΔBUm ¼ b �
H
vm
¼

bHAm

Qm
ð4Þ

by assuming a linear BU increasing rate b. The averaged 
increment of BU throughout the core per pass of the fuel 
pebbles was therefore

ΔBUaveraged ¼

PM
m¼1 QmΔBUm
PM

m¼1 Qm

¼ b �
H
PM

m¼1 Am
PM

m¼1 Qm
: ð5Þ

The averaged increment of BU per pass should be given 
in the specifications of each reactor design. For exam-
ple, the 10-MW(thermal) HTR-10 design has an aver-
aged fuel BU of 80MWd=kgHM per five passes,3 which 
means a ΔBUaveraged ¼ 16MWd=kgHM per pass. The 
Mark-1 PB-FHR (fluoride-cooled high-temperature 
reactor) design has an averaged fuel BU of 
180MWd=kgHM per eight passes,4 which means a 
ΔBUaveraged ¼ 22:5MWd=kgHM per pass, etc. With 
ΔBUaveraged specified, the coefficient b in Eq. (5) was 
calculated as

b ¼ ΔBUaveraged �

PM
m¼1 Qm

H
PM

m¼1 Am
; ð6Þ

and the BU in fuel ring m and fuel layer n was

BUm;n ¼ BUfeeding þ ΔBUaveraged �
n � 1

N
�

Am

Qm
�

PM
m¼1 Qm

PM
m¼1 Am

:

ð7Þ

Note the coefficients a and b and the fuel pebble PF were 
canceled out in Eq. (7), and Eq. (7) is the one used to 
estimate the reactor-specific BU distribution in the 
MEEES-PBR.

II.B. MEEES-PBR Procedure

Based on the considerations and estimations outlined 
previously, the MEEES-PBR can be implemented with 
the following six steps through a MC modeling and 
simulation tool: 

Step 1. Build a MC model for the PBR core under 
investigation according to the reactor specifications. This 
model is high fidelity because every TRISO particle and 
every fuel pebble are explicitly modeled. Only one fuel 
material is used to represent the average fuel in the core, 
and the model is referred to as the single-fuel-region model. 
The single-fuel-region model is established with fresh fuel 
at this step and used for depletion calculations in step 4 to 
provide a reactor-specific BU database for the MEEES- 
PBR.
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Step 2. Select the number of fuel rings M and the 
number of fuel layers N , and then divide the active core 
into M � N fuel regions.

Step 3. Calculate the fuel BUm;n in each of the fuel 
regions by using Eq. (7). In case the OTTO fueling scheme 
is used, the feeding fuel pebbles have a BUfeeding of 0; in 
case a multipass fueling scheme is used, the BUfeeding will 
be 0 as the initial guess and will be adjusted later accord-
ing to the keff specified in the reactor specifications.

Step 4. Perform depletion calculations with the single- 
fuel-region model established in step 1 and output the fuel 
isotopic compositions at each of the BUm;n identified in 
step 3.

Step 5. Construct the multifuel-region model based on 
the single-fuel-region model by defining each fuel region 
with the fuel isotopic compositions determined in step 4.

Step 6. Output the multifuel-region model if the keff fits 
the specified equilibrium-state keff within the user-defined 
tolerance ε. If not, adjust the BUfeeding properly and go back to 
step 3. 

To facilitate the understanding of the MEEES-PBR 
method, a flow chart illustrating the equilibrium core 
estimate procedure is shown in Fig. 2.

It is pointed out that when adjusting the BUfeeding to 
get the specified equilibrium-state keff , one depletion 
calculation is needed in each iteration to calculate the 
fuel isotopic composition at the corresponding BUm;n. 
However, to reduce computational cost, high precision 
is not sought for these depletion calculations. Low active 
neutron history numbers can be employed in the first 
place, and a depletion calculation with more active neu-
tron histories should be performed when the BUfeeding that 
leads to the specified equilibrium-state keff is identified.

II.C. MEEES-PBR Limitations

In the course of the MEEES-PBR development, the 
main assumptions being made along the procedure are 
summarized as follows:

1. The fuel pebbles are well mixed when fed to the 
core.

2. The isotopic composition of all the fuel pebbles 
in the same fuel region is the same.

3. Fuel pebbles in the active core only move axi-
ally. The flow velocity is a second-order polynomial of its 
distance to the centerline of the core, whereas the fuel 

pebbles in contact with the wall of the active core are 
static.

4. Any two fuel pebbles with the same BU have the 
same fuel isotopic compositions.

5. The BU is proportional to the pebble residence 
time in the core.

6. The fuel isotopic composition calculated by 
depleting the sing-fuel-region model can be considered 
as the fuel isotopic composition at specific averaged BU.

7. A constant fuel temperature of 900 K and a con-
stant nonfuel temperature 600 K were applied throughout 
the MC calculation.

The application of the MEEES-PBR may be limited 
considering different core designs due to the previous 
assumption. For example, the assumption that fuel BU is 
proportional to the pebble residence time in the core gets 
less valid when the BU gets higher. Therefore, estimating 
the BU gain per pass by dividing the discharge BU by total 
pass number may cause more significant errors when the 
BU is larger. Also, because of the different neutron spec-
trum hardnesses seen at different locations in the core, two

Fig. 2. Flow chart of the MEEES-PBR.
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fuel pebbles with the same BU may have different isotopic 
compositions, etc. It is speculated that the accuracy of the 
MEEES-PBR gets worse for the cores that are larger, that 
have more complicated geometries, and that have larger 
discharge BU. Although these limitations were acceptable 
in this study as we considered an averaged BU rather than 
focusing on the single fuel pebbles, they are worth inves-
tigating in more details in our future work.

III. APPLICATION OF THE MEEES-PBR

X-energy is a nuclear reactor and fuel design engineer-
ing company located in Rockville, Maryland. X-energy 
was recently awarded $80 million by the U.S. Department 
of Energy’s Advanced Reactor Demonstration Program as 
the initial funding to build a commercial-scale pebble-bed- 
type gas-cooled reactor, named Xe-100, by 2028 as 
expected. The procedure of the MEEES-PBR is demon-
strated in this section via an application of the method to 
the 165-MW(thermal) Xe-100 design,28 the detailed speci-
fications of which provided a reliable reference solution 
resource to verify the proposed method. A schematic of the 
165-MW(thermal) Xe-100 design is shown in Fig. 3.

III.A. Single-Fuel-Region Model

We built the single-fuel-region model of the 165-MW 
(thermal) Xe-100 according to the specifications summar-
ized in Table I by using the MC neutronics code 

Serpent29 and employing the ENDF/B-VII.0 library. The 
single-fuel-region model was started with a fresh fuel and 
depleted to provide the BU database of the average fuel 
for the MEEES-PBR method.

In the single-fuel-region model, each fuel pebble con-
tained 19 542 identical TRISO fuel particles such that the 
uranium loading per pebble was 7 g. These TRISO particles 
were randomly distributed in the center part of each fuel 
pebble by leaving an outer fuel-free zone with a thickness 
of 5 mm, as shown in Fig. 4. The fuel kernels were 
modeled as UC0.5O1.5 with a 235U enrichment of 15.5 wt 
%, whereas a constant temperature of 900 K was applied to 
all the fuel materials. The other materials were modeled at 
a constant temperature of 600 K.

According to the Xe-100 specifications, we filled the 
core of the single-fuel-region model with 223 039 fuel 
pebbles that were considered to have the same TRISO 
particle distributions for simplicity. We assumed that the 
fuel pebbles were densely packed in the core and con-
structed the active core by repeating the hexagonal clo-
sest packing unit cells, which is a common approach 
employed to model the fuel pebbles.30 Two types of 
control rods (CRs) were modeled in the single-fuel- 
region model, namely, the reactivity control system 
(RCS) and the reserve shutdown system (RSS). The 
RCS had a maximum insertion length of 660 cm, and 
the RSS had a maximum insertion length of 860 cm. With 
a diameter of 13 cm, both types of CRs consisted of 
8-mm-thick annular B4C compacts stacked in Incoloy- 
800H (Ref. 31) canisters, which had an inner radius of

Fig. 3. Schematic of the 165-MW(thermal) Xe-100 reactor.28
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41.5 mm, an inner wall thickness of 0.5 mm, and an outer 
wall thickness of 2.5 mm. The CR borings were located 
inside the reflector at around 10 cm away from the active 
core.32 Figure 5 shows the cross-sectional views of the 
single-fuel-region model with the locations of the 18 CRs 
(9 for the RCS and 9 for the RSS) marked. Because the 
single-fuel-region model was initiated with completely 
fresh fuel pebbles, it had an all-rods-out keff of 1.38023 
(±10 pcm). This value is not comparable with the speci-
fied equilibrium-state keff (1.0015) of the 165-MW 

(thermal) Xe-100 design,28 but is given here to inform 
about the large excessive reactivity of the fresh core.

III.B. Multifuel-Region Model

We built the multifuel-region model of the 165-MW 
(thermal) Xe-100 based on the single-fuel-region model by 
applying the MEEES-PBR method described in Sec. II. We 
selected four concentric fuel rings (M ¼ 4Þ and ten fuel layers 
(N ¼ 10), and divided the active core of the model into 40 
fuel regions, as depicted in Fig. 6. In the multifuel-region 
model, we assumed the fuel pebbles located in the bottom 
cone and the discharge chute to have the same BU as those 
located in layer 10 because they have a minor impact on the 
neutron flux of the core.21 The fuel pebbles of the 165-MW 
(thermal) Xe-100 design had an averaged BU increment per 
pass of ΔBUaveraged ¼ 27:5MWd=kgHM, as the total BU 
gained through six passes was 165 MWd=kgHM (Ref. 28). 
The BUs in each of the fuel regions were calculated by calling 
Eq. (7), assuming that fuel layer 1 contained feeding fuel 
pebbles only. The increment of the BU in each fuel region is 
summarized in Fig. 7. The BUfeeding that fit the keff of the 
multifuel-region model with the specified equilibrium-state 
keff of the 165-MW(thermal) Xe-100 design was determined 
by repeating steps 3 through 6 of the MEEES-PBR as intro-
duced in Sec. II.

The equilibrium state of the Kairos Power Fluoride Salt- 
Cooled, High Temperature Reactor (KP-FHR) was defined 
by using 88 isotopes.33 Although different coolants were used 
in the KP-FHR and Xe-100, the fuel isotopes were expected 
to have similar importance in these two reactor designs 
because they both employ thermal neutron spectra and simi-
lar pebble fuel forms. Therefore, the same 88 isotopes were

TABLE I 

Specifications of the 165-MW(thermal) Xe-100 Design*

Parameter Value Unit

Core geometric specifications RPV diameter 4.88 Meter
Core diameter 2.4 Meter

Core height 8.93 Meter
Chute diameter 0.5 Meter

Fuel pebble specifications Pebble diameter 6 Centimeter
Uranium loading per pebble 7 Gram

235U enrichment 15.5 wt%
Fuel pebbles in the core 223 000 –

Fueling scheme Equilibrium-state keff 1.0015 –
Average BU at discharge 165 MWd/kgHM

Number of passes 6 –

*Reference 28. 

Fig. 4. Cross-sectional view of a fuel pebble with ran-
domly distributed TRISO particles.
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tracked in this work when performing depletion calculations 
with the single-fuel-region model. The BUfeeding ¼

90MWd=kgHM that led to a keff of 1.00233, which agreed 
with the specified value of the 165-MW(thermal) Xe-100 
design (1.0015) within a tolerance of ε ¼ 100 pcm, was 

obtained in five iterations. The keff of the multifuel-region 
model as a function of the BUfeeding investigated is summar-
ized in Fig. 8. Each MC calculation employed 4� 105 active 
neutron histories before the determination of the BUfeeding, 
whereas confirmatory calculations employed 4� 106 active 
neutron histories each after the determination of the BUfeeding. 
The detailed computational cost and the associated keff uncer-
tainties of the MC calculations performed are summarized in 
Table II. The whole MEEES-PBR procedure to finalize the 
multifuel-region model of the 165-MW(thermal) Xe-100 was 
completed within 77 h by using forty-five 2.5-GHz processor 
cores. In comparison, Fratoni and Greenspan’s method23 took 
about 360 h to establish a whole-core equilibrium model 
(represented by 1000 fuel pebbles) with twenty 2.8-GHz 
processor cores. The efficiency of the MEEES-PBR should 
be further confirmed when more PBR MC modeling studies 
become available in the literature. The distributions of three 
fissile isotopes in the multifuel-region model, namely 235U, 
239Pu, and 241Pu, are summarized in Fig. 9 for future verifica-
tions when experimental data become available or when 
comparable studies are performed.

IV. EVALUATION OF THE MEEES-PBR

Several important characteristics of the equilibrium- 
state 165-MW(thermal) Xe-100 were quantified with the 
multifuel-region model and compared with the reference 
calculations to evaluate the accuracy of the MEEES-PBR.

Fig. 5. (a) Vertical and (b) horizontal cross-sectional views of the single-fuel-region model, and (c) the zoom view of an RCS 
boring with CR inserted.

Fig. 6. The 40 fuel regions defined in the multifuel- 
region model.
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The characteristics investigated in this section included 
the vertical and horizontal neutron flux distributions, the 
integral CR worth, and the reactivity temperature coeffi-
cients (RTCs).

The reference calculations of the 165-MW(thermal) Xe- 
100 considered in this paper were performed by Mulder and 
Boyes28 by using the system of design diffusion code VSOP-

A developed at X-energy.34 The ENDF/B-VII library was 
employed, and the neutron fluxes were structured into four 
groups, namely, the thermal flux group (E < 1:86 eV), the 
epithermal-1 flux group (1:86eV < E < 29eV), the epither-
mal-2 flux group (29eV < E < 0:1MeV), and the fast flux 
group (E > 0:1MeV). Figure 10 compares the geometry of 
the VSOP-A model with that of the multifuel-region model 
developed in this paper.

The vertical neutron flux distributions calculated by 
using both models are compared in Fig. 11. Both the mag-
nitudes and the shapes of the fluxes had good agreement, 
whereas the peaks of both the fast and the thermal flux were 
located at slightly higher locations in the multifuel-region 
model. This implied that compared to the VSOP-A model, 
the BUs were overestimated at lower locations in the multi-
fuel-region model. The radial neutron fluxes normalized to

Fig. 8. keff of the multifuel-region model as a function of 
BUfeeding.

Fig. 7. Equilibrium-state increment of BU (in MWd/ 
kgHM) in the multifuel-region model.

TABLE II 

Detailed Computational Cost and the Uncertainties of the MEEES-PBR

Stage Model
Depletion 

Steps Iterations

Active 
Neutron 
Histories

Uncertainty in keff 
(pcm)

Computational 
Time (h)

Seeking BUfeeding Single-fuel-region ~30 5 4 � 105 60 42
Multifuel-region 1 5 4 � 105 135 0.25

Confirmatory Single-fuel-region ~30 1 4 � 106 30 33
Multifuel-region 1 1 4 � 106 50 1.3
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their maximum values are compared in Fig. 12. The dis-
tributions of the fast fluxes had very good agreement, and 
the thermal fluxes peaked at the same radial location. 
However, the normalized thermal flux calculated by the 

multifuel-region model had a higher magnitude around the 
center of the core, which suggested a better moderation 
capability predicted by the multifuel-region model at the 
corresponding locations.

Fig. 9. Mass distribution of 235U, 239Pu, and 241Pu (in g/pebble) in the multifuel-region model.
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By using the multifuel-region model, we calculated the 
integral CR worth as the difference between the keff of the 
core with all CRs withdrawn and that with the CRs inserted 
to different lengths. The nine CRs of the same type were 
modeled to move at the same time. The integral CR worth 
calculated had an associated uncertainty of ±100 pcm 
because each MC calculation had an associated uncertainty 
of ±50 pcm. The worth of the RSS was minor in the overlap 
region with the RCS because the former was calculated by 
considering that the RCS was completely inserted. While 
the integral CR worth of the RCS calculated with both 
models generally had a good agreement, that of the RSS 
calculated with the multifuel-region model had a systematic 
underestimation of around 1000 pcm, as shown in Fig. 13. 
Also, the discrepancies became larger at the lower part of 
the core for both types of CRs. This again implied that 
compared to the VSOP-A model, the BUs were overesti-
mated in the multifuel-region model, which decreased the 
neutron flux and the ensuing integral CR worth.

We investigated three RTCs, including the Doppler coef-
ficient, the moderator temperature coefficient, and the reflec-
tor temperature coefficient. The temperatures of the fuel, 
moderator, and reflector were set to 300, 600, 900, and 
1200 K, and the coefficients were calculated by using Eq. (8):

RTC Tð Þ ¼
keff T þ 150Kð Þ � keff T � 150Kð Þ

300K
: ð8Þ

Because each keff had an uncertainty of ±50 pcm, the 
RTC quantified with Eq. (8) had an uncertainty of

Fig. 10. Comparison between (a) the multifuel-region 
model and (b) the VSOP-A model28 of the 165-MW 
(thermal) Xe-100 design.

Fig. 11. Comparison between the vertical neutron flux 
distributions.

Fig. 12. Comparison between the normalized radial neu-
tron flux distributions.
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±0.25 pcm/K according to the propagation of the uncer-
tainties. The RTC calculated with both codes had a very 
good agreement, as shown in Fig. 14. Other temperatures 
can also be assigned to the materials to calculate the 
corresponding RTC besides the four investigated in this 
study. However, in the Serpent code the ENDF library 
only provides nuclear data at these four PBR-relevant 
temperatures. The neutron cross sections at other tem-
peratures are obtained through linear interpolation, and 
the corresponding RTC calculated will therefore not be as 
accurate. It is noted that changes in the mass density of 
materials were not considered in the calculation of the 
RTC in this study, which may contribute to the observed 
discrepancies.

V. SUMMARY AND FUTURE WORK

The MEEES-PBR was developed in this work to 
support the future development of PBR technologies. 
While leveraging the advantages of MC methods in tak-
ing care of the double heterogeneity, the MEEES-PBR 
also largely decreases the computing time required by 
MC methods such that the research in PBR core designs 
and parametric studies can be accelerated.

The theory of the MEEES-PBR was introduced in 
detail in this paper, and the procedure was demonstrated 
via an example application to the 165-MW(thermal) Xe- 
100 design. The total computational cost to build the 

multifuel-region model with the MEEES-PBR was 77 h 
of calculation time with forty-five 2.5-GHz processor 
cores, which was more than 50% more efficient than 
the existing MC methods. Because no experimental data 
exist yet, several core characteristics quantified with the 
multifuel-region model were compared to the reference 
calculations of the 165-MW(thermal) Xe-100 performed 
with VSOP-A to evaluate the accuracy of the MEEES- 
PBR. Although discrepancies exist, the characteristics 
calculated with both models generally had good agree-
ment, which proved the good viability of the MEEES- 
PBR. In future studies, the MEEES-PBR will be applied 
to other PBR designs and the results will be evaluated to 
further confirm the conclusion made previously.

Along with the procedures of the MEEES-PBR, the 
following assumptions were identified and emphasized to 
ensure the validity of the method:

1. The fuel pebbles were well mixed when fed to 
the core.

2. The isotopic composition of all the fuel pebbles 
in the same fuel region was the same.

3. Fuel pebbles in the active core only moved axi-
ally. The flow velocity was a second-order polynomial of 
its distance to the centerline of the core, whereas the 
pebbles in contact with the wall of the active core were 
static.

Fig. 14. Comparison between the RTCs calculated with 
both models.

Fig. 13. Comparison between the integral CR worth 
calculated with both models.
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4. Any two fuel pebbles with the same BU had the 
same fuel isotopic composition.

5. The fuel BU was proportional to the pebble 
residence time in the core.

6. The fuel isotopic composition calculated by 
depleting the single-fuel-region model was considered 
as the fuel isotopic composition at specific aver-
aged BU.

7. A constant fuel temperature of 900 K and a con-
stant nonfuel temperature of 600 K were applied through-
out the MC calculation.

As a result, uncertainty quantification is anticipated in 
future studies to understand the uncertainties caused by the 
assumptions outlined previously. Two progressive goals are 
expected to be achieved by performing the uncertainty 
analysis: (1) We will quantify the uncertainties caused by 
the employment of the MEEES-PBR, and (2) we will iden-
tify the most significant source of uncertainties and modify 
the assumptions accordingly to improve the accuracy of the 
MEEES-PBR. We will also perform probabilistic research 
to characterize the stochastic path that the fuel pebbles may 
take to further enhance the ΔBU estimation.

Additionally, while 40 fuel regions were employed in 
the example application in this paper, increasing the 
number of fuel regions may increase the accuracy of the 
MEEES-PBR. We will therefore perform sensitivity ana-
lyses in the future considering the selections of M and N , 
such that the accuracy of the model can be improved 
while keeping the computational cost acceptable.
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